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1. Introduction

The purpose of this article is threefold. Firstly, to establish the 2"-dimensional
projective algebra A,, as a tool to describe projective geometry in such a way
that projective duality and thus, the concept of space and counterspace is
available in every detail of the treatment. Projective algebra A, is a unity
free exterior double algebra carrying the imprint of a graded algebra twice.
As it is the case in all projective geometry, the projective algebra A, is
metric-free as well.

Secondly, the transition from the unity free exterior double algebras A,
to non-degenerate or degenerate Clifford double algebras I',, is established.
By singling out a non-degenerate or degenerate quadric in the context of a
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unity free exterior double algebra A,, a non-degenerate or degenerate Clif-
ford double algebra I',, respectively is defined. Clifford double algebras I',,
carry the imprint of a Clifford algebra twice, i.e., there are always two Clif-
ford products present. The transition from the metric free exterior double
algebras to the Clifford double algebras reflects the Cayley-Klein construc-
tion of metric geometries. The metric version of the concept of space and
counterspace is available through the Clifford double algebras I';, into every
detail.

The third purpose of this article is to provide a mathematical language,
which reflects the projective principle of duality and, thus, the concept of
space and counterspace into every detail. You will find a few, rather simple
applications in this article. Just the main task of it is to provide the above
mentioned mathematical language. Please do not expect from this article
more than a clear presentation of the mathematical language of space and
counterspace.

The completely dual approach to geometric Clifford algebras was intro-
duced in [Con00a]. It turns non-degenerate Clifford algebras with the dual
Clifford product = into Clifford double algebras. These non-degenerate Clif-
ford double algebras can be used to represent projective geometry with an
emphasis on its principle of duality. The concept of space and counterspace,
closely linked to the projective principle of duality, was described in terms
of the two Clifford products and in terms of the completely dual approach
in [Con00b), [Con08]. Applications of the concept of space and counterspace,
especially to classical mechanics, can be found in [Con00bl [Con08| as well.

The above mentioned articles and the book made a start in expressing
the concept of space and counterspace in terms of non-degenerate Clifford
double algebras. The downside of this beginning was, on the one hand, the
limitation of the completely dual approach to non-degenerate Clifford alge-
bras — a second Clifford product was not available in degenerate Clifford
algebras — and, on the other hand, the use of metric Clifford algebras to
express non-metric concepts from projective geometry. In this article both
limitations are resolved. It is shown how the concept of space and counter-
space is represented analytically in its projective version by unity free exterior
double algebras (Definition @band in its metric version by generic Clifford
double algebras (Definition [8.22]).

It was RUDOLF STEINER (1861-1925), who first coined the concept of
counterspace in a lecture in 1921E| and, already before, [Ste21) [Ste94] had
sketched this idea by referring, among other things, to projective geometry.
Subsequently, different scientists developed the concept of space and coun-
terspace in terms of synthetic projective and synthetic metric geometrieSEI
Among them were GEORGE ADAMS (1894-1963) [Ada81) [Ada65] and Louis
LOCHER-ERNST (1906-1962) [Loc80bl Loc80al [LET0], who today are consid-
ered to have independently discovered the mathematical formulation of the

1[Ste97), lecture from 15" January 1921]
2[Con08], pp. 55-58]
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concept of space and counterspace. In the second half, with an emphasis to-
wards the end of the 20*" and in the 21°¢ century, different authors started to
describe this concept analytically. [UvV59, [Gsc91al, [ThoO8, [Con08, [Gun1ib]
We will show in this article, how the concept of space and counterspace is
represented in terms of double algebras.

Section [2| introduces basic concepts such as complementary graded vec-
tor spaces as well as complementary graded algebras and defines the plus
minus notation, which is used throughout the whole article. The plus minus
notation was inspired by books of Louts LOCHER-ERNST [LE70] and HANNS-
JORG STOSS [St099] and may indicate, in which context a multi vector or
with respect to which of the two exterior products and — later on in Section
— with respect to which of the two Clifford products an element of the
double algebra is to be seen. The plus minus notation was already used in
[Con00al, [Con00b, [Con08§].

Section [3]shortly introduces binary numbers and some binary operators.
We adopt the concept of binary indices to label elements of vector spaces and
algebras from DENNIS W. MARKs [Mar04] and PERTTI LOUNESTO [Lou01]
throughout the whole article.

In Section [4] we introduce the unity free exterior double algebras A,
which will be used to represent projective geometry P,. This is the reason,
why these unity free exterior double algebras will be called, from Section
on, projective algebras A,. — Why do these algebras need to be unity free?
Two basic elements A and B, like e.g. a point A and a plane B of projective
space, coincide, if and only if the two exterior products vanish,

AANB =0 and AV B=0. (1.1)

The lowest grade in the plus approach, which in a usual Grafimann algebra is
represented by the one-element, stands in spacial geometry for the projective
space of all planes as such. And the highest grade in the plus approach of
the exterior algebra represents the projective space of all points as suchﬂ
And similar in the geometries of the planar field and the centric bundle or
in the geometries of a line or a pencil of lines. See also Table [4] Since any
basic element belongs to the entire space as such in either of the two possible
manifestations and, thus, is incident with the latter without any exception,
the lowest and the highest grade must always be divisors of zero for any basic
element of the algebra. If not, the incidence relations of equation would
not be universally valid in all projective geometry P,,.

The multiplication tables for the two exterior products A and V with
respect to the elements of the system of bases {Py} in the plus approach to
A, and with respect to the elements of the system of bases { Ep } in the minus
approach to A,, respectively are provided for any dimension n in terms of the
coefficients apc. These coefficients take on the values +1 depending on the
binary indices b and c of the involved basis elements. We will use them again
and again in this article. Compare Theorem [4.10

3In the minus approach, the lowest grade represents the projective space of all points as
such and the highest grade represents the projective space of all planes as such.
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Section [4 then continues with the Definition of the four different types
of algebra homomorphisms m, p, 7 and p,

7(AANB) =X -nw(A) Aw(B), AeF\{0}, VA BeA,, (1.2
p(AV B)=p-p(A)V p(B), pweF\{0}, VA BEA,, (1.3
T(AAB) = X-7(A)V #(B), AeF\{0}, VA BeA,, (1.4
P(AV B) = p- p(A) A p(B), pelF\{0}, VA BecA,. (1.5

The fourfold appearance of the same kind of linear function is due to the two
involved exterior double algebras A,, and A/ : m represents a linear function
from the plus approach of A,, to the plus approach of A/,, p represents a linear
function from the minus approach of A,, to the minus approach of A/, & rep-
resents a linear function from the plus approach of A,, to the minus approach
of A}, and p represents a linear function from the minus approach of A, to
the plus approach of A/. Later on in Section @ the algebra isomorphisms will
describe the different types of projective transformations.

In the literature on geometric Clifford algebras, this type of linear func-
tion usually is referred to as an outermorphismEI And it is defined with the
coefficients A and p being 1. In Section [7] and in the context of harmonic or-
thonormal systems of bases, we are going to describe the non-null polarities
with algebra isomorphisms and the respective quadrics in the plus and —
simultaneously — in the minus approach. In order to do so, the coefficients
A and p take on the values of 1 and —1. It is not possible to describe the
non-null polarities and the respective quadrics at the same time in the plus
as well as in the minus approach without the coefficients A and p. While it is
possible to describe all non-null polarities and respective quadrics in just one
approach with outermorphisms, where the coefficients A and p are set to 1.

Finally, for the transition from projective to Clifford double algebras in
Section [8] these coefficients are essential too,

1
+_ o+ +t _ptat) — At A B
1t =7+, 5(ATBT—BTAT)_ATMBT, (1.6)
-1y Lazup- —wa)=ta-vps
=17, 5( “ % B — B- # T)_; “ VB (1.7)

In equation juxtaposition denotes one of the two Clifford products. The
other Clifford product is denoted by the sign * in equation (L.7). Compare
also equations , and .

An outermorphism f usually transforms an homogeneous multi vector
of grade 0 Ay by the identity matrix, i.e. f(Ay) = Ag. See e.g. [LD09, p.
101]. However, Definition and Theorem in this article introduces the
transformations of the homogeneous multi vectors of grade 0 by

ME) =TI, () = @), (1)
REY) =TI, ) = @) (1)

4Compare [LS16], Definition 3.2] and [LD09] p. 101].
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Z and Z’ represent the bases elements of grade 0 in the plus and in the minus
approach respectively. If the algebra homomorphisms 7, p, & or p have a
vanishing determinant, then these algebra homomorphisms need to vanish
for all multi vectors of grade 0. Compare Theorem [£:34] of this article. If not,
there is the non-zero factor of 1/X or 1/u, which becomes 1 whenever A = 1
or p = 1 respectively.

In projective geometry, the 2™ different homogeneous multi vectors of
the basis in the plus approach {Py} and the 2™ different homogeneous multi
vectors of the basis in the minus approach {E} represent each a simplex
of n points (hyperpoints) and n planes (hyperplanes). As soon as these two
simplices are related to each other by an, in general, generic pair of sim-
plices transformations ¢ and satisfyin " = kTt = 1Id, the minor exterior
product V can also be computed in the plus approach to A,, and the major
exterior product A also in the minus approach to A,. Each pair of simplices
transformations (¢, k) establishes a certain model of the exterior double alge-
bra A,, by fixing the positions of the two bases simplices with respect to each
other.

We will work in this article in the harmonic model of the unity free
exterior double algebra, where the two bases simplices become one simplex
in such a way, that opposite points (hyperpoints) P, and planes (hyperplanes)
B}, carry the same index b. The respective pair of simplices transformations
(o, ko) is given by

w0(Po) = (Ev)" = api Py, ko(Eb) =(Pb)” = og, L. (1.10)

We call these systems of bases harmonic, too. Compare Definition

As a consequence of the harmonic model of A,,, the incidence relations
of equation are represented on the level of coordinates by the standard
inner product. Compare Theorem

More details on the geometric background of the harmonic model can
be found in [Sto09]. Also the term ‘harmonic’ has been taken from that book.

Another important topic of Section [4] is summarised in Theorem
Each of the four possible types of algebra isomorphisms preserve both exterior
products,

(X AY)=A-7(X) An(Y), (1.11)
(X VY)= W (X)) V(Y), (1.12)
p(XVY) =p- p(X)Vp(Y), (1.13)
PXAY) = e p(X) A p(Y ), (1.14)
X AY) = A-#7(X) VA(Y), (1.15)

5Compare Definition and Theorem @
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AXVY) = m (X)) AR(Y), (1.16)
XV Y) = - 5(X) A HY), (117)
) N,

PXNY) = T det p p(X) Vv p(Y). (1.18)

The preservation of the two exterior products leads to the conclusion, that
projective transformations always preserve incidence, which is a basic fact in
projective geometry.

Section [4] closes by looking at the group properties of the algebra ho-
momorphisms.

Projective geometry P, is described in terms of projective algebra A, in
Sections B to[7} Section [ provides a system of axioms for projective geometry
P, in terms of projective algebra A, as well as fundamental concepts like
the principle of duality, primitive geometric forms, general position of basic
elements, cross ratio of four different basic elements and several examples.

A system of axioms is much more than the definition of an (n — 1)-
dimensional projective space FP("~1 with respect to the field F. A projective
space FP("=1) comprises all the 1-dimensional subspaces of the n-dimensional
vector space F” in order to represent the basic geometric elements of the for-
mer. E. g, the 1-dimensional subspaces of the vector space F? may represent
all the points of the projective planar field FP? or all the lines of the projective
planar field FP? or all the lines of the projective centric bundle FP? or all the
planes of the projective centric bundle FP? and the 1-dimensional subspaces
of the vector space F* may represent all the points of projective space FP3
or all the planes of projective space FP3 and the 1-dimensional subspaces of
the vector space F® may represent all the linear complexes including the lines
of projective space FP5.

The system of axioms given in Definition has three parts, in the
first one of which the n 4+ 1 different types of basic geometric elements are
introduced. The n+1 different types of basic elements correspond to the n+1
different vector subspaces AF of projective algebra A,,,

A=At @AY @ ... APDE g AR (1.19)
=A@ APV g oAl @Al
with

ABF = AR dim AR = <Z> - (n " k) — dim AP (1.20)

Each of the n + 1 different (Z)—dimensional vector subspaces AF represents
an [(}) — 1]-dimensional projective space.

As an example let us take projective geometry in space Py with n =
4. The five different basic elements in this case are: the space of planes as
such belonging to the projective space A2+ = Ai_, the points belonging to
the projective space A}f = A?f, the linear complexes (including the lines)
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belonging to the projective space AZ+ = A?f, the planes belonging to the
projective space AZ+ = A}l_ and the space of points as such belonging to the
projective space Af‘ = Ag_.

Part two of the system of axioms declares the incidence relations be-
tween generic geometric elements and part three the geometric operations
of connection and intersection. Thus, the system of axioms is a set of rules,
which completely defines projective geometry P,, in any dimension n. It rep-
resents analytically into every detail the wealth of synthetic projective geom-
etry as it has been described, e.g., in the books by LOUIS LOCHER-ERNST.
[Loc80bl, Loc80al LET70]

Let us emphasise the difference of how usually join and meet are un-
derstood and how in terms of projective algebra the operations of connection
and intersection are defined. Usually, join and meet are defined — also in
the context of projective geometry — in terms of order theory as supremum
(least upper bound) and infimum (greatest lower bound) respectively. It leads
in several cases to the same result as in the approach here with projective
algebra, but not in general. This is also why we are not using the terms ‘join’
and ‘meet’ but instead ‘operation of connection’ and ‘operation of intersec-
tion’ or just ‘connect’ and ‘intersect’ respectively. In the planar field Ps e. g.,
join and meet as well as the operation of connection and the operation of in-
tersection are the same respectively. Especially two different lines (including
the parallel ones) intersect in one and exactly one point. If we go to spacial
projective geometry Py, the meet of two different lines is void, in case the
two lines are skew, or, else, it delivers the meeting point. In the approach
with projective algebra two skew lines intersect in a non-zero 4-vector in the
minus approach or, else, the operation of intersection between two different,
but non-skew lines results in the zero-vector. Nevertheless, in the approach
with projective algebra, there exists one and exactly one point in projective
space, which is incident with the two different, but non-skew lines. It is the
same point, which the operation of meet would deliver as meeting point.

So, what is the advantage of defining the operations of connection and
intersection in terms of projective algebra, as it is done in Definition of
2"-dimensional projective geometry P,? The properties of the major and
minor exterior products A and V are clearly given by Definition [£.2] of the
2"-dimensional unity free exterior algebra A,,. And the geometric operations
of connection and intersection follow in terms of projective algebra by part
three of Definition Let us illustrate the advantage of this approach with
projective algebra with spacial projective geometry P4: The operations of
connection and intersection then are not only valid for points and planes, but
also for lines and linear complexes. They make sense for all basic elements of
spacial projective geometry Pjy.

At the very latest, when we proceed to the incidence relations of part
two in the Definition [5.3] of spacial projective geometry Py, this advantage be-
comes obvious. The incidence for two generic geometric elements is defined in
equation in terms of the two vanishing exterior products. This definition
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integrates the incidence relations for points and planes — which is equivalent
to the order theoretical definition of join and meet — as well as the incidence
relations for 1inesE| and the incidence relations for linear complexesm One and
the same definition of what incidence is — compare equation — holds
for all involved basic elements.

Projective geometry is a non-metric geometry. Nevertheless, there are
non-metric quantities, which are preserved under the operations of connection
and intersection or under projective transformations. A well known quantity
of this kind is the cross ratio of four different basic elements. The cross ratio
is introduced in the non-metric context of projective algebra A,, in Definition
Several examples conclude Section

In Section [6] we introduce projective transformations on the basis of
algebra isomorphisms, show that the projectivities among the latter form a
group with respect to concatenation and proof the fundamental theorem of
projective geometry. Section[6]concludes by applying the concept of projective
transformations in the planar field Ps in four different examples.

In Section [7] we review and provide the concepts of polarities, quadratic
and bilinear forms, quadrics, and orthonormal bases in the context of pro-
jective geometry P,. In addition, we introduce, what a pair of naturally
associated — non-degenerate and degenerate — polarities is. We define har-
monic orthonormal systems of bases and list the different types of quadrics
in 7)2, Pg, P4.

The article concludes in Section [§ with the transition from projective
algebra A,, to Clifford double algebra I',, and to the metric Cayley-Klein
geometries. Definition introduces the major Clifford product (no sign)
and the minor Clifford product (x), Theorem [8.7| provides the multiplication
tables for these Clifford products in any dimension n and the two inner prod-
ucts are given in terms of the respective Clifford products in Definition 815
Theorem [8.20] records the result: Grafimann algebras are most degenerate
Clifford algebras and the unital property is the last remnant of the Clifford
product. For all non-zero grades the Clifford product and the respective ex-
terior product are the same.

In Definition we describe the metric version of space and counter-
space. And in the last subsection of this article we compare the euclidean
PGA’s by CHARLES GUNN and by LEO DORST and STEVEN DE KENINCK
with the euclidean Clifford double algebra I'y ¢ 3,3,0,1. The later closes a gap
between euclidean geometry and its representation by the euclidean PGA’s.
With the second Clifford product also the point-wise signature (1,0,3) is
available directly. See Subsection [8.5 on metric geometries in general and
euclidean and dual euclidean geometry in particular.

Euclidean geometry I'y ,3:3,0,1 and dual euclidean geometry I's 0,1:1,0,3
are taken to illustrate the concept of metric space and of metric counterspace.

6See Chapter 7 in [Sto95) p. 106].
7Compare the Definition 3.20 in [Sto99] p. 106].
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2. Complementary Graded Vector Spaces and Algebras

Definition 2.1 (Multi Vectors, Homogeneous Multi Vectors, k-Vectors, Vec-
tors of grade k). Let Z,,; denote the additive group of the factor ring
Z/(n+1)Z with n € N. And let V be a Z,,;-graded vector space (cf. [Gre&1],
pp. 167]) with the direct decomposition

V=V (2.1)
k=0

The elements M € V are called (generic) multi vectors, the elements X € Vj,
homogeneous multi vectors or k-vectors or vectors of grade k. In order to
indicate the grade, a k-vector X may be endowed with an overlined subscript
k,

X = X;. (2.2)

Definition 2.2 (k-Projection). Let V = @, _, Vi be a Z,,1-graded vector
space and k € N with 0 < k£ < n. The mapping

( ke Vv — VW (2.3)

X=3 X7 — (X)pi=Xp
=0

is called a k-projection and denoted by angle brackets with subscript k.

Lemma 2.3. Let V =@, _, V,j be a Zy,11-graded vector space. Then there is
one and only one second Z,1-grading (V, ez, ., for the same vector space
V' with the condition

Vi =V, VkeEZua. (2.4)

n

In the limiting case n = 0 both Z,1-gradings (V;M kez, ., and (V} Jrez, .
coincide, otherwise they are different.

Proof. For n # 0 we always have V;” = V. # V. Thus, the two Z,,41-
gradings (V;" )kez,,, and (V; Jrez,,, are for n # 0 different. O

Definition 2.4 (Complementary Graded Vector Space, Plus Approach, Minus
Approach). A vector space V is called complementary graded, if and only
if it is endowed with the two Z,i-gradings (V;/)rez, ., and (V; Jkez
according to Lemma [2.3] The decomposition

V=V’ (2.5)
k=0

n41 n41

is called plus approach of V and the decomposition

V= é Vi (2.6)
k=0

is called minus approach of V.
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Example. In the case n = 4 we have
V:VO+®V1+@‘/2+®‘/},+®V4+
=V, oV oV, oV oV,
with Vot =V, , Vit =V, Vih =V, , Vif =V and V7 = V.
Notation 2.5 (Plus Minus Notation). The vectors and subsets of a comple-
mentary graded vector space V may be supplied with a superscript plus sign
in order to indicate that they belong to the plus approach (plus notation) or

with a superscript minus sign in order to indicate that they belong to the
minus approach (minus notation).

The plus minus notation is optional. Out of the context it is often already
clear in which approach one is working. We do not need to supply the sets
and multi vectors in this case with an extra superscript plus or minus sign.
The plus minus notation can also be left out in the case a certain expression
is valid in both approaches.

Example. Let V be a complementary graded vector space. Then for a homo-
geneous multi vector X € V,:r =V __, we may write

+ _ _ —
XF=X=Xx"_ (2.7)

Example. Let P, = (Pz>1+ denote n 1-vectors in the plus approach and F; =
(E;)7 n l-vectors in the minus approach. The sets of these homogeneous
multi vectors,

Pt ={P|ieN, 1<i<n}, (2.8)
E={E] |ieN, 1<i<n}, (2.9)
may then be supplied by a superscript plus or minus sign respectively.
Let A(+,-, ) denote an algebra. According to [Gre81l pp. 174] A is
called a Z,,;1-graded algebra if and only if
(a) the vector space A(+,-) is Z,41-graded and
(b) for any two homogeneous multi vectors X7 and Yz the product
X7Ys = (X7Y5)rts (2.10)
is again homogeneous of grade r + s.

With respect to the Z,,1-grading of the vector space A(+,-) in the
minus approach — cf. Deﬁnitionand Lemma— equation (2.10)) reads

XY~ = (X——Y— )~ (2.11)

n—r- n—s n—r nfs>n—(7‘+s)’

i.e. the grades do not add in the minus approach (for n # 0).

In order to get a complementary graded algebra, the algebra A should
be Z,1-graded with respect to the plus as well as to minus approach of the
vector space A(+,-). In general, this is not possible with only one algebra
multiplication. We therefore have
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Definition 2.6 (Complementary Graded Algebra). Let the vector space A(+, -)
form an algebra with respect to the product noted by juxtaposition and a
second algebra with respect to the product noted by the symbol *. The dou-
ble algebra A(+, -, ,*) is called a complementary graded algebra if and only
if

(a) A(+,-) is a complementary graded vector space,

(b) A(+,-, ) is a Z,11-graded algebra with respect to the plus approach

and
(¢) A(+,-,*) is a Z,41-graded algebra with respect to the minus approach.

3. Binary Indices

Other authors have already used binary numbers to label elements of Clifford
algebras in various ways. See [Mar04] or [Lou01l, pp. 279-287]. We adopted the
main idea and shortly review binary numbers and several binary operators
in this section.

Notation 3.1 (m-Digit Binary Numbers). In order to label basis elements
and other homogeneous multi vectors we introduce binary numbers

m—1
b=by_1...b1by = [ Z bk2’“] ., meN, b, e{0,1}, (3.1)
k=0 10
with m digits b,,_1, ..., bg. The binary numbers will be noted by small latin

letters in bold face, its m digits with the same letter but normal face and the
digits will be numbered from 0 to m — 1.

A real m-digit binary number b translated into a real decimal number
lies between [0]19 and [2™ — 1]10.

Definition 3.2 (Binary Check Sum). The sum S(b) of the digits of the binary
number (3.1)) is

S(b) :=

n—1
> bkl : (3.2)
k=0 10
Remark. The m-digit binary number b

(a) is zero, if and only if S(b) = 0;

(b) translates into a decimal power of two, if and only if S(b) = 1;

(c) translates into the decimal number [2™ — 1]y, if and only if S(b) = m.

Proof. (a) S(b)=0<0,=0Y0<i<m—1< b=][0]2=[0]p.
(b) We have S(b) =1 if and only if there is one index [ € N, such that the
binary number

1, ifi=1,
b =bp_1...b1by bi—{ 0 ifitl (3.3)
= [2)10, 0<l<m-—1,

translates into a decimal power of two.



Projective Geometry with Projective Algebra 13

(C) S(b)zm@bizlvogigm—l@b:[2’”—1]10.
(]

Definition 3.3 (Binary Complement). The binary complement of a m-digit
binary number b is

m—1
b=by,_1...b1by = [ Z kak] with  0:=1, 1:=0. (3.4)
k=0 10

The binary complement translated into a decimal number lies again
between [0]19 and [2" — 1]1¢. In addition we always have

b+B:u: [mel]lo, (35)

b =Db, (3.6)
where u is the m-digit binary number with S(u) = m.

Definition 3.4 (Indices on the Left Side). Let b be a m-digit binary number
and Z := {iy,...,i;} an ordered index set of length k with

0<i1 <ta<...<ip <m-—1, k,j,i; € N, 1<j<k, (3.7)
such that
b = by 1 ... bibo, b — { (1) e fé (3.8)
In addition, let {1, I3, ..., I, be p natural numbers with
1<l <ly... <1, <k, l; €N, 1<j<p. (3.9)
These numbers determine a subset of Z,
L= {ig,...,i,} CT, (3.10)
and thus establish an ordered index subset £ of length p.
The natural numbers Iy, ls, ..., [, represent as lower left indices in
brackets the binary number
(hls..1,)P=¢ (3.11)
1, ifiecl,
= Cm—1-..C1C0, c; = { 0, ifidL

and as upper left indices in brackets the binary number

(hlzlp)py .— m (3.12)

The brackets may be omitted, if there is only one lower left or upper left
index.

Example. As an example for the left indices let us take the number b =
[01011]2. Then the index set Z is {0,1,3}, i.e. iy =0, io = 1 und i3 = 3 and
we have:

S(b)=3 S(b) =2

b = 01011 b = 10100
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b = 00001 b = 11110 b = 00100

,b = 00010 ?b = 11101 b = 10000

;b = 01000 *b = 10111 (12b = 10100 = Db
(12yb = 00011 (12h = 11100
(13)b = 01001 (13)b = 10110 b = 11011
(2P = 01010 23)p = 10101 b = 01111

(12)3-

(129p =01011=b  (*Yb =10100 =b b =01011=b

Remark. For any m-digit binary number b = b,,,_1 ... b1bg with check sum
S(b) =k, 0<k <m, and

k
b=> b, (3.13)
=1
we always have
b < y4ib, (3.14)
S(;b) =1. (3.15)
Proof. By precondition there are exactly k indices
0<ip<ig<...<ip <m-—1, (3.16)
the binary digits of which do not vanish
1, i€ {i1,... 1k},
b; = . ) . 3.17
{ 0, ’Lﬁ{’&17...,’tk}. ( )

Thus we have
k k
b=0by_1...biby = [Zz“] => b (3.18)
=1 10 =1
with ;b = [2]3p and , ;b = [2+1]30., i.e. b <, b. The equation S(;b) =
1 is a consequence of Remark (]

Notation 3.5 (Nested Sequence of Left Indices). For a binary number with
several left indices, the nested sequence of left indices has to be read from
inside outwards as in the following example,

41(23)b ~ 4 {l [(23)b” : (3.19)

Remark. Let V' be a vector space, A; € V, i € {1,...,m} C Nand b a
binary variable with m digits. We may then label the m elements A; with

VA, Sh)=1, (3.20)
i.e. we use all binary numbers with S(b) = 1 to label the vectors Ap,.

Proof. With b; = [2i_1]10 we get S(b;) =1land 4, =Ap,, 1 <i<m. O
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In this article we will also use the bitwise binary operators AND and
XOR. Example: 1001 AND 0101 = 0001 and 1001 XOR. 0101 = 1100.

4. Unity Free Exterior Double Algebra A,

Notation 4.1 (Multiple Exterior Product Signs). The two exterior products
of the unity free exterior double algebra A, are denoted by A and V. For
multiple exterior products we use with [, m € N\ {0}

ANXi=XiAXo A A X, \/ X=XV XoV- VX, (41)
1=1 1=1
Definition 4.2 (Unity Free Exterior Double Algebra A,,). A unity free exterior
double F-algebra A, (+,-, A, V), or short exterior double algebra, is a set A,
with four operations:

Ay x A, — A, FxA, — A, (4.2)
(A,B) — A+B (,A) +— a-A '
Ay x A, 25 A, A, x A, -5 A, (4.3)
(A,B) +— AAB (A,B) +— AVB ’

The operations are called addition (+), scalar multiplication (no sign or -),
major exterior product (A) and minor exterior product (V). The four opera-
tions obey the following conditions:

(P1) Fis a field with char(F) # 2.

(P2) An(+,-) is a complementary graded F-vector space of dimension 2"

An(+7') = @Aﬁ+(+a) = @Aﬁi(+a')a ]{Z,TL € Na (44)
k=0 k=0
with the dimensions
dim (AL(+,7) = (Z) 0<k<n, (4.5)

for the subspaces.
(P3) An(+,-,A) and A, (+,-, V) are two associative F-algebras without iden-
tity element. In addition, both exterior products live up to the require-

ments:
e All scalars X5 € A%(+,-) are left and right zero divisors,
+ _ +
Xg AM=MAX5 =0, VM eA,(+,), (4.6)
Xy VM =MV X5 =0, VM e N, (+,). (4.7)

e Exterior products between homogeneous multi vectors add the gra-
des,

AFANBE = (AF ABHf L, r+s<n, (4.8)
Az VB = (A7 VBg).y,, r+s<n
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e For l-vectors A; € ALT or B; € AL~ we have with [ > 1

l
/\AiZO — { Al, Ag, ceey Al are (410)
i=1

linearly dependent.

1
o Bi, Bs, ..., Bjare
\!1 Bi=0 < { linearly dependent. (4.11)

Remark. The equations (4.8) and (4.9) include the scalars too (r = 0 or

s = 0), since 0 belongs to any direct subspace A”1® of the exterior double
algebra A,,.

Theorem 4.3. The unity free exterior double algebra is a complementary
graded algebra in the sense of Definition[2.6,

Proof. By Axiom (P2) the vector space A, (+,-) is complementary graded.
By equations (4.8) and (4.9) of Axiom (P3) the algebras A, (+,:,A) and
Ay (4, -, V) respectively are Z,,1-graded. [l

Notation 4.4 (Combined Exterior Product). Any mathematical term which
contains the combined exterior product { can be read twice: Firstly with
respect to the plus approach as the major exterior product A and secondly
with respect to the minus approach as the minor exterior product V.

Example. The expression

X:0Yr=-Y-0 X7 V X1,Y7 € AL (4.12)
means
+ + + + + v+ 1+
XEAyS = -y Axd VXTI, Y e (4.13)
— - — — — — 1—
Xo VYD ==Y VXS VXD, YD €A (4.14)

and is a consequence of equations (4.10)) and (4.11). Since X5 + Y7 is linearly
dependent to itself, we have (X7+Y7) O (X7+ Y1) = X7 0¥+ Y70 X7 =0,
i. e. the exterior products are antisymmetric both.

Notation 4.5 (Multiple Combined Exterior Product Sign). Analogous to the
notation for multiple exterior products we use for multiple combined exterior
products the sign

<>Xl =X 0X20 O Xpm. (4.15)
=1

The unity free exterior double algebra and Grafimann algebra look very
similar. Let us shortly compare the two structures. A Grafimann algebra
AV of a vector space V with dim V' = n is an associative, unital, graded and
antisymmetric algebra of dimension 2”. Unity free exterior double algebra A,
is a complementary graded algebra, this is why we can only check whether
the plus approach A, (+,-,A) or the minus approach A, (+,-,V) shows the
structure of a Grafmann algebra.
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There is no difference between the algebras A, (+,-,A), A, (+,-,V) and
AV inasmuch as they are all associative, graded, antisymmetric and inas-
much as they have the same dimensions on the level of the whole algebra
as well as on the level of their direct subspaces. The difference between the
algebras A, (+,,A), Ap(+,-,V) on one side and AV on the other side is
that there is no identity element present in the unity free exterior algebras
Ap(+,,N), Ap(+,-, V) — all scalars are zero divisors — and the Gramann
algebra AV is unital.

Remark. Why don’t we introduce an own notation for the exterior prod-
ucts in the unity free double algebras A,,? The exterior products in the
unity free double algebras A,, are different from the product of the usual
Grafimann algebras AV (as well as from A V*) with respect to the
scalars, and the same with respect to all other homogeneous k-vectors.
Here are the reasons for keeping the notation of the Grafimann algebras
also in the context of the unity free exterior double algebras:

e In most applications of the exterior product from GraBmann algebra
the property

1INA=AN1=A VAG/\V

is not used. This is why we can exchange this rule as we did in
equations and of Deﬁnitionwithout effecting most of
the applications.

e In projective geometry, incidence is defined in terms of the two
exterior products. Compare equation of Deﬁnition In most
applications scalars are not involved when we look at the incidence
of two geometric elements. But if they are involved, out of geometric
reasons, the scalars are zero divisors with respect to both exterior
products.

e In Section [8] we will do the transition from the unity free exte-
rior double algebras A, to Clifford double algebras T, i.e., we
introduce in the context of the unity free exterior double algebras
An(+, A, V) two different Clifford products denoted by juxtapo-
sition and by the symbol *. The double algebras T',,(+,, A, V, , %)
continue to have no identities with respect to the exterior prod-
ucts A and V, while the two Clifford products are both unital (with
respect to the identities 17 = Z* and 1~ = Z~/\). If now both
Clifford algebras of the double algebra I',, degenerate as much as
possible, i.e. the algebras T} (+,-, ) and T, (+, -, *) both carry sig-
nature (0,0,n) and the parameters \, p satisfy A = p = 1, then
these algebras represent both ordinary Grafimann algebras A V.
In both algebras FEB,O’H) and F(_(Lo,n) from the respective Clifford
product only the identity element remains,

1PTA=A1"=A4 VAT,
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1" xA=Ax1"=A VAGF(O,OJL)'

Compare Theorem [8.20)
e Our treatment shows:
(a) It is natural to see the scalars with respect to an exterior
product as zero divisors.
(b) GraBmann algebras are most degenerate Clifford algebras and
the unital property is the last remnant of the Clifford product
and not a property of the exterior product.

Definition and Theorem 4.6 (Basis in the Plus Approach). Let b be a binary
variable with n digits, {P,} with S(b) = 1 a set of n basis 1-vectors from
AlT and ZT € AYT\ {0} a vector of grade 0. Then the homogeneous multi
vectors

zZt, S(b) =0,

Pb = (416)

(b)
/\ Plb’ 0<S(b)§n,
=1

form a basis for the 2"-dimensional vector space of exterior double algebra
A,

Definition and Theorem 4.7 (Basis in the Minus Approach). Let b be a binary
variable with n digits, {Ep} with S(b) = 1 a set of n basis 1-vectors from
AL~ and Z= € AV~ \ {0} a vector of grade 0. Then the homogeneous multi
vectors

Z, S(b) =0,

By =1 S(b) (4.17)
V Elbv O<S(b)§n,
=1

form a basis for the 2"-dimensional vector space of exterior double algebra
A,

We use the bold capital letter Z to denote the basis vector of grade 0,
since it is a zero divisor with respect to the exterior product. The superscript
plus or minus sign of Z can be omitted, if it stands for both approaches or if
it is clear from the context in which approach one is working.

Notation 4.8 (Basis n-Vectors). For the n-vectors of the bases we also use
the notation

It :=p, I =E., S(b) =n. (4.18)

The superscript plus or minus sign can be omitted, if I stands for both
approaches or if it is clear from the context in which approach one is working.
Also the n-vector I represents a zero divisor with respect to the exterior
product.
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Example. We take the unity free exterior double algebra A4 of dimension
24 = 16. In order to illustrate some basis vectors of this unity free exterior
double algebra, let us write down two basis vectors in the plus approach

2
Poior = /\ P o101 = Pooor A Foioo (4.19)
=1
3
Prior = /\ P 1101 = Pooor N Poroo A Prooo (4.20)

=1

and two basis vectors in the minus approach

3
Eoi11 = \/ E 0111 = Eooo1 V Eooio V Eo100 (4.21)
=1
4
I =FEun = \/ E 1111 = Eooo1 V Eoo10 V Eo100 V E1000- (4.22)
I=1

Notation 4.9 (Generic Basis of an Exterior Algebra). To denote the basis of
an exterior algebra independent of the plus or minus approach we use the
expression {Byp}, i.e. {Bg‘} ={Py} and {B, } = {Ep}.

Proof. In order to proof Theorem and [£.7] we need to show that the
2™ basis vectors By, are linearly independent. According to Definition [42]
homogeneous multi vectors of different grades are linearly independent. It
remains to show, that homogeneous multi vectors By of the same grade
S(b) = k are linearly independent. Trivially this is the case for S(b) = 0
and S(b) = n. The 1-vectors By are by precondition linearly independent.
And for 2 < S(b) < n — 1 we get with the coefficients A\, € F and with the
binary n-digit numbers c

0= Z AbBp (4.23)
S(b)=k
= 0=| > MBp|0Bs VcwithS(c)=k (4.24)
S(b)=k
= > M (Bp0Bg)
S(b)=k
= )\c (Bc <> BE)
= 0=\, V ¢ with S(c) = k. (4.25)
0

We will now determine the multiplication tables for the bases vectors By,
with respect to the exterior products ¢. For the dimension numbers n = 2,
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n = 3 and n = 4 the respective multiplication tables are displayed in Table

Table [2] and Table

O |Z|Bo Bl
Z o] o o0]o0
Bo o‘o 1‘0
Bio|0|-I 0 |0
I (o] 0 0|0

O |Z| Boor  Bow Bioo | Boui Bion B | I
Z |[0o| o 0 0| o 0 0 |o
Boo1 | 0 0 Boir  Biox 0 0 I 0
Bioo | 0 | —Bior —Biio 0 I 0 0 |0
Boi1 | O 0 0 1 0 0 0 0
Bio1 | O 0 -1 0 0 0 0 0
Biio | O I 0 0 0 0 0 0
I [o|] o 0 0| o 0 0 |o

TABLE 2. Multiplication table for the bases vectors By,
with respect to the exterior products ¢ in the unity free
exterior double algebra As.

Theorem 4.10 (Multiplication Table for the Exterior Products in A,). Let
b,c,d and e be binary n-digit numbers with
d=Db AND c, (4.26)
e=b XOR c. (4.27)

Then we have for the bases vectors By, of the exterior double algebra A,

apeBe, S(b) #£0, S(c)#0, S(d)=0
B, O B.=14 0, S(b)#0, S(c)#0, S(d)#0 (4.28)
0, S(b)=0or S(c) =0

with the coefficients
Qpe = (—1)22211 by Eigzlo Cm — (_1)217!02 €l Eﬁ;lm bm. (4_29)
8Similar considerations can be found in and P. LOUNESTO pp. 279-287].

Especially the formula for the coefficients apc in equation (4.29) is the same as in the
multiplication of Clifford elements. Compare equation (1.27) in and equations

(8.52) and li of this article.
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Proof. We determine two sequences of transpositions such that the factors,
i.e. the 1-vectors of the exterior product By ¢ B, get into the order, where
equal 1-vectors are direct neighbours. To depict the order of 1-vectors in the
product By, ¢ B. we use the digits of the binary numbers b and c,

(b0b1 . bn,anfl)(Cocl e Cn,QCnfl). (430)

See also the exampld’] in the footnote.

First sequence of transpositions: We move the 1-vectors of B, and shift
them in terms of transpositions from the right side to the left side. Take first
co and shift it to the left side until it stands between by and by, then take
c1 and shift it to the left side until it stands between b; and by and so forth.
The last transposition of this first sequence is then the shift of ¢, o to the
left side such that it stands between b,,_s and b,_1. The resulting order of
the 1-vectors

(bOCOblcl . bn,QCn,anflcnfl) (437)

was achieved by altogether

n—2 n—1

Sa D bm (4.38)
=0 m=Il+1

transpositions.

Second sequence of transpositions: We move the 1-vectors of By and
shift them in terms of transpositions from the left side to the right side. Take
first b,_1 and shift it to the right side until it stands between ¢,,_s and ¢,_1,
then take b,_o and shift it to the right side until it stands between c¢,_3
and ¢, _2 and so forth. The last transposition of this second sequence is then

9Let us illustrate the notation used in the equations (4.30), (4.37) and (4.38) with an

example in the unity free exterior double algebra Ag and by using the binary indices
b = 001101 and ¢ = 100001.

By ¢ Be = Boo11o1 ¢ Bioooot (4.31)
= (Booooo1 ¢ Booo1oo ¢ Boo1ooo) ¢ (Booooo1 ¢ B100000)
= (bob1b2absbabs)(cocicacscacs),

i.e., read from the left to the right side, we have by = 1 times the factor Bgpoooo1, b1 = 0
times the factor Boooo10, b2 = 1 times the factor Bgpo100, b3 = 1 times the factor Bop1000,
by = 0 times the factor Boioooo, b5 = 0 times the factor Bippooo, then cop = 1 times the
factor Booooo1, ¢1 = 0 times the factor Bgpoo10, c2 = 0 times the factor Bgoo100, cs3 = 0
times the factor Bgo1000, ca = 0 times the factor Bpipooo and ¢s5 = 1 times the factor
B100000- The product above vanishes,

By, O Be = Boo1101 O Bioooo1 = 0, (4.32)
since we have
S(b)=3,  S(c) =2, (4.33)
d = b AND c = 000001, (4.34)
e =b XOR c = 101100, (4.35)
S@)=1, S(e) =3, (4.36)

or both factors By, and B¢ contain the 1-vector Booooo1-
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the shift of b, to the right side such that it stands between ¢y and ¢;. The
resulting order of the 1-vectors

(boCOblcl . bn,QCn,anflcnfl). (439)

was achieved by altogether

nZ by Z Cm (4.40)

transpositions.
In both sequences the number of transpositions is the same
n—1 n—1
Z q Z b, Z by Z Cm - (4.41)
= m=Il+1 m=

The exterior product By, O B vanishes if and only if there is at least
one pair (b, ¢;), 0 <1 <n—1, with bj¢c; =1, i.e. if and only if S(d) #0. O

Corollary 4.11. Let b be an-digit binary number with S(b) # 0 and S(b) # n.
Then we have

By, O By = oy L. (4.42)
Proof. 1t is a consequence of Theorem with ¢ = b. O
Theorem 4.12. Let b and c be n-digit binary numbers. We then have
Obolioh = (_1)S(b)5(c)—S(bANDc) (4.43)
Proof.
Obetich = (—1)Zi=0 @ Ziizier brH 05" e oo b (4.44)

(=1)

( 1)"0 St b+ e [ :;,;114-1 bmr"‘Zi;:lo bmr]+cn—1 Sl bm
_1\c0S(B)+S(b) X7 crten—18(b)—[cobo+ 372 cibiten—1bn—1

(-1)

(=1)

1)5(®)S(e)~S(b AND c)

Theorem 4.13. For homogeneous multi vectors of grade r and s we have,
X? <> Yg == (-1)7)3 . Yg <> X7. (445)

Proof. Let b and ¢ be n-digit binary numbers with sum of digits S(b) = r
and S(c) = s. Then there are coefficients A\p and p such that

XrOYs=| > MBu| 0| > peBe (4.46)
S(b)=r S(c)=s
= Y bfte-Bp O Be
Sb)=r

S(c)=s
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O ‘ Z ‘ Booo1 Booio Boioo  Biooo ‘ Booi1  Boiwo1  Boiio
Z |o0] o0 0 0 0o | o 0 0

Booo1 | O 0 Boo11 Boior  Bioot 0 0 Bo111
Booio | 0 | —Boo11 0 Bo11o  Biowo 0 —Bo111 0
Boioo | 0 | —Boior  —DBo11o 0 Biioo | Boi11 0 0

Biooo | 0 | =Bioor  —Bioio —Biioo 0 Bioin Biior  Biio
Boo11 | 0 0 0 Boi111 Biou: 0 0 0
Boio1 | O 0 —DBo111 0 Biio1 0 0 0
Boi1o | 0 | Boix 0 0 Bi11o 0 0 0
Bigo1 | 0 0 —Bio11  —Biion 0 0 0 I
Bioio | 0 | Bio1: 0 —DBi110 0 0 -1 0
Bi1oo | 0 | Biiox Biiio 0 0 1 0 0
Boi11 | O 0 0 0 I 0 0 0
Bioi1 | O 0 0 —1I 0 0 0 0
Biio1 | O 0 I 0 0 0 0 0
Bii10 | O —I 0 0 0 0 0 0
I [o| o 0 0 0 0 0 0
O | Bwoi  Biuwiw Biwo | Boiin B Biion Buo | 1
Z | 0 0 0 | o0 0 0 0 |0
Booo1 0 Bio11  Biiot 0 0 0 I 0
Booio | —Bio1: 0 Bii11o 0 0 —I 0 0
Boioo | =—B11or  —Bi11o 0 0 I 0 0 0
Biooo 0 0 0 -1 0 0 0 0
Boo11 0 0 I 0 0 0 0 0
Boio1 0 —I 0 0 0 0 0 0
Bo11o I 0 0 0 0 0 0 0
Bioo1 0 0 0 0 0 0 0 0
Bio1o 0 0 0 0 0 0 0 0
Bi1oo 0 0 0 0 0 0 0 0
Bo111 0 0 0 0 0 0 0 0
Bio11 0 0 0 0 0 0 0 0
Biio1 0 0 0 0 0 0 0 0
Bi110 0 0 0 0 0 0 0 0
I | o0 0 0o | o 0 0 0 |0

TABLE 3. Multiplication table for the basis vectors By,
with respect to the exterior products ¢ in the unity free

exterior double algebra Ay.

23
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§ )\b,ulc * Opclchb Bc <> Bb
Sb)=r
S(c) =s

= > (-1 Be O By
Sb)=r
S(c)=s

(=)™ | 3 pmeBe| O | D MoBs

S(c)=s S(b)=r

- (—1)TS . Y§<> XF-

where we used Theorem in the step from the third to the fourth line. O

4.1. Algebra Homomorphisms

Definition and Theorem 4.14 (Even Algebra Homomorphisms). For a fixed
dimension number n and a fixed field F of two unity free exterior double
F-algebras A,, and A}, let {P,} C A, and {P)} C A, denote two bases in
the plus approach and let {Ep} C A,, and {E{} C A/, denote two bases in
the minus approach. Further on let the algebra homomorphism in the plus

approach
m: Ap(+,5A) — AL(+,,A)
be defined by

7(Py) := Pob Py, Pob € T, S(b) =0,
> BuePl, Boc €F, ¥V S(b) =1,
S(c)=1

m(AAB):= X\ -7(A) A7(B), AeF\ {0}, VA BeA,,

and the algebra homomorphism in the minus approach
p: An(+,-,V) — AL (+,-,V)
be defined by
p(Eb) = Ybb By, b € F, S(b) =0,

p(Ep) := Z Yok, e €F, ¥V S(b) =1,
S(c)=1

p(AV B):=p-p(A)Vp(B), peF\{0}, VABEA,

We can then display the two homomorphisms 7 and p by
= Y BocPl 0<S(b)=k<n,
S(c)=k
with
Bob € F, S(b) =

(4.47)
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k
_ . S(b) = S(c) =k,
Bpe = AFL E agnaHﬁlba(l)c eF, { (b) 0 <(c]2 <n } (4.57)
o =1 -
n

Bob = A" ldetT €T, S(b) = (4.58)
and by
p(Ep) = Y weEe, 0<Sb)=k<n, (459
S(c)=k
with
b € F, S(b) =0, (4.60)
k
_ . S(b) = 5S(c) =k,
Yoo =Y signo [[vp, 0 €F, { () 0 <( ,2 <n } (4.61)
o =1 -
Yob = " ' detp € F, Sb)=n. (4.62)
7 represents an algebra isomorphism in the plus approach if and only if
Bggs Bob = A""tdet T € F\ {0}, S(b) =n, (4.63)
or if and only if the set of homogeneous multi vectors { P/} C A/, defined by
AS®=LPI . — 1(By), 0<S(b)=k<mn, (4.64)

represents a basis in the plus approach of A/,. p represents an algebra isomor-
phism in the minus approach if and only if

YB: Tob = 1" det p € F\ {0}, S(b) =n, (4.65)
or if and only if the set of homogeneous multi vectors {E}} C Al defined by
pSPITLEY = p(Ey), 0<Sb)=k<n, (4.66)

represents a basis in the minus approach of A/,.
We call m and p even algebra homomorphisms or isomorphisms.

Proof. The coefficients Spp, and vpp with S(b) = 0 from equations and
are given by definition.

Inserting S(b) = 1 into equations and returns the equations
and of the definition respectively.

For 0 < S(b) = k < n and by using the permutations o we get

k k

7(Po) = NP Ax(Pr) =M A D Bre P (4.67)
=1 =1 \ S(e)=1

k
= Z ()\k_l ZSignUHszau)C> P, = Z Boc Py
S(c)=k o =1 S(c)=k

k

p(By) = pF 1\ p(Ep) = pF~\/ Z Y be Eo (4.68)

l

1 I=1 \ S(e)=1
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k
SO (0 SER%S | I S e
o =1

S(c)=k S(c)=k

In the case of S(b) = n this is

Bpp = A1 Z sign o H ﬂzbau)b = \""ldet, (4.69)
o =1
n

b ="' signo [[p, b= w""" detp. (4.70)
o =1

7 represents an algebra isomorphism if and only if Spp, with S(b) =0
and Ppp with S(b) = n do not vanish.
The set of homogeneous multi vectors {P}/} C A/, with

S(b)
_ Al*S(b))\S(b)fl /\ ﬂ-(Pb)
1
=1

represents a basis in the plus approach of A/, if and only if 7 is an algebra
isomorphism.

p represents an algebra isomorphism if and only if ypp with S(b) =0
and vpp with S(b) = n do not vanish.

The set of homogeneous multi vectors {E}/} C A/, with

B = )\I_S(b)p(Eb) 0<Sb)=k<n (4.72)
S(b)
_ Al—S(b)/\S(b)—l \/ P(Elb)
=1
S(b)

represents a basis in the minus approach of A/, if and only if p is an algebra
isomorphism. ([l

The even algebra homomorphisms 7 and p from Theorem (4.14)) preserve
the plus or minus approach. We will now define the two algebra homomor-
phisms 7 and p, which are interchanging plus and minus approach.

Definition and Theorem 4.15 (Odd Algebra Homomorphisms). For a fixed
dimension number n and a fixed field F of two unity free exterior double
F-algebras A,, and A}, let {P,} C A, and {P}} C A}, denote two bases in the
plus approach and let {Ep} C A, and {E{} C A/, denote two bases in the
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minus approach. Further on let the algebra homomorphism from the plus to

the minus approach

T An(+7 ) /\) — A/n(+a B \/)
be defined by

#(Pb) := Pon B, B €T, S(b) =0,
#(Po) = > Pockl, Boe €F, V S(b) =1,
S(e)=1

F(AAB):=X-#(A)V#(B), AeF\{0}, VA BEA,,

and the algebra homomorphism from the minus to the plus approach

pr Ap(+,,V) — AL(+,,A)
be defined by

p(Eb) = oDy, b €F,  S(b) =0,
p(Eb) = Y AbePl, e €F, YV S(b) =1,
S(c)=1

MAVB) == u-p(A)AYB), peF\{0}, VABEA,.
We can then display the two homomorphisms 7 and p by

#(Po) = Y BockEl, 0<S(b)=Fk<n,
S(c)=k
with
Bob € T, S(b) =0,
k
; e ; S(b) = S(c) = k
k-1 ,
Pe =2 ZSIgnallj[lﬂlbamc €F, { 0<k<mn,
Bob = A""tdet 7 € T, S(b) = n.
and by
p(EBn) = > Al 0<S(b)=Fk<n,
S(c)=k
with
b € F, S(b) =0,
k
= S i [T S(b) = S(e) = &
_ k-1 ,
Tbe = H ZSlgnUll:[l’ylbuwc €F, { 0<k<n,
Apb = " detp € F, S(b) = n.

(4.73)

(4.82)
(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

7 represents an algebra isomorphism from the plus to the minus approach if

and only if
Bess Bob = A" tdetw € F\ {0}

(4.89)
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or if and only if the set of homogeneous multi vectors {E} } C A], defined by
ANSOIZLE— 2 (Py), 0<S(b)=k<n, (4.90)

represents a basis in the minus approach of A/,. p represents an algebra iso-
morphism from the minus to the plus approach if and only if

Y5> Ybb = p" "t det p € F\ {0} (4.91)
or if and only if the set of homogeneous multi vectors { P/} C A/, defined by
pS®=Ipl = 5(Ey), 0<S(b)=k<n, (4.92)

represents a basis in the plus approach of A,.
We call 7 and p odd algebra homomorphisms or isomorphisms.

Proof. This theorem is proven parallel along the steps of the proof to theorem
(4.14). O

We will use here and later on the Kronecker-delta-symbol
P 1, b =c,
b= 0, b#ec

Notation 4.16 (Matrices Representing the Algebra Homomorphisms). The
coefficients Sy describing the algebra homomorphism 7 according to equa-
tion , the coefficients vy describing the algebra homomorphism p ac-
cording to equation 7 the coefficients Bbc describing the algebra homo-
morphism 7 according to equation and the coefficients Jp describing
the algebra homomorphism j according to equation are summed up in
a system of matrices respectively by

By = (Bbe) s(b)=kss(c)=k » B = (ﬁbc) S(by=kiS(e)k (4.94)

Lg i= (9be) s(b)=hss(e)=k » L7 i= (oe) s(by=kss(c)=k - (4.95)

(4.93)

Each of the four systems can be put together into one matrix,
— , _ [ 0. 5(b)#5(c),
B = (Bve)p.e with  fBpe = { Boe, S(b) = S(c) = k, (4.96)
= Bocdsm)s(c) €F
o ~ _J 0, S(b)#5(c),
T (’YbC)b;c with Toc ‘= { Ybes S(b) _ S(C) =k,
= Tbclsb)se) €F

5 (5 o A {0 S £S().
Bi= (Bhe),,, vt o '_{Bbc, sty =5) =k, P

L

(4.97)

)

= Bbedsbys(c) €F
S oa . . ._J 0, S(b)#S(c),
L= (be)pie with  Ape == { Abe, S(b) = S(c) = k, (4.99)

= Ybcls(b)s(c) € F
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bringing together the n + 1 equations (4.55)), the n + 1 equations (4.59)),
the n + 1 equations (4.81]) and the n + 1 equations (4.85) into one equation
respectively,

Po) =3 Bocls, #(Po) =Y BoeFEy, (4.100)
By) =) tbek, p(Bo) =Y AnePs, (4.101)

Notation 4.17 (Identity Matrices). In order to distinguish the notation for the
n-vectors — cf. Notation [I.§ — from the notation for the identity matrices,
we display the latter by

]In = (5ij)i;ja Z,] S {1,,71} (4102)

The subscript n is optional and can be omitted.

Notation 4.18 (Algebra Isomorphisms with an Identity Matrix). If in Theo-

rems and we choose the systems of bases {P}, {E},} C Al to
be 1dentlcal to the systems of bases {P” b A{EY } C Al respectively,

and, in addition, we set the parameters A and u to be 1,
A=p=1, (4.104)

then the algebra homomorphisms 7, p, 7, p become mappings with an identity
matrix, i.e. special isomorphisms. We denote the latter by my, po, 7o, fo
respectively and call them algebra isomorphisms with an identity matrix.
Using S(b) = k for all b, in detail we get

o An(+,A) — AL (4, A) (4.105)
Py — B =m(Pe)= Y PBucP.=P,
S(e)=k
po - An(+7 K \/) — A (+a K \/) (4106)
Ey — Ey = po(Ep) = Z Yo
S(e)=
7o : An(+,A) — AL (+, -,v) (4.107)
B, — Ey = 7o (A Z BueEL =
S(c)=
po: Ap(+,-,V) — A (4, A) (4.108)
By — P =jo(Ep) = Y dpPl=P,
S(c)=k

with
Bbe = Tbe = Bbe = Abe = Obe. (4.109)
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In case the algebra isomorphisms with identity matrix mg, pg, 7o, po are
automorphisms, i.e. A/, = A,,, and all three systems of bases coincide,

P, =P, =P/, E, =E,, = Ep, 0<Sb)=k<n, (4.110)
then 7y and pg (but neither 7y nor py) represent identity mappings with

mo(X) = X, po(X) = X for all X € A,,. The identity mappings are denoted
by T1d and P1d-

Theorem 4.19. The matrices of the algebra isomorphisms mg, po, 7o, Po from
equations (4.105) to (4.108) respectively,

B=B=CL=I=1I, (4.111)
are identity matrices of dimension 2™ with

det B = det B =detl = detT = 1. (4.112)
Proof. See equation (4.109)). O

In order to display the odd algebra homomorphisms in a more compact
way, we need the opposite combined exterior product sign.

Definition 4.20 (Opposite Combined Exterior Product Sign). Any mathe-
matical term which contains the opposite combined exterior product ¢, nec-
essarily right after the combined exterior product ¢ was used, has to be read
in the following way: If, in the first case, the combined exterior product ¢ rep-
resents the major exterior product A, the opposite combined exterior product
¢ represents the minor exterior product V. And if, in the second case, the
combined exterior product ¢ represents the minor exterior product V, the
opposite combined exterior product ¢ represents the major exterior product
A.

Example. The expression

FXOY)=f(Y) & f(X), VXY €Ay, (4.113)
FIXAY)=Ff(Y)Vf(X), VX,Y € A,, (4.114)
FIXVY)=Ff(Y)Af(X), Y X,Y €A, (4.115)

Notation 4.21 (Multiple Opposite Combined Exterior Product Sign). Analo-
gous to the notation for multiple exterior products and the multiple combined
exterior product we use for multiple opposite combined exterior products the
sign

QXZ =X 0 X284 X (4.116)
=1

For the sake of compact formulation, we introduce a notation for a
generic algebra homomorphism.
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Notation 4.22 (Generic Algebra Homomorphism). Let
o: A, — AL (4.117)
By, — ¢(Bp) = > kncB
C

denote a generic algebra homomorphism according to the Definitions [{.14]
and .15 with

?(AO B) =vo(A) O ¢(B), in case of ¢ is even, (4.118)
d(AO B)=vo(A) & ¢(B), in case of ¢ is odd. (4.119)
for all A,B € A,,, v € F\ {0} and with the matrices
K := (kbe)bic; K7 = (Kbe) 5(b)=k:S(c)=k> (4.120)
which reduce to
K =B, incaseof ¢ =m, K =B, incaseof ¢=r, (4.121)
K =T, in caseof ¢ =p, K= E in case of ¢ = p. (4.122)

Cf. also Notation

In case ¢ represents one of the algebra isomorphisms with identity ma-
trix mo, po, 7o or po (with K = Ion), it is denoted by ¢o. In case ¢ is even
and represents one of the identity mappings mq or piq, it is denoted by ¢14.
Cf. also Notation [£.18

Theorem 4.23 (Inverse of an Algebra Isomorphisms). If a generic algebra
homomorphisms ¢ from Notation represents an algebra isomorphisms,
then there exists its inverse algebra isomorphisms ¢!,

ot AL — A, (4.123)
defined by
¢~ (Bb) = kpp B, kpp €EF\{0},  S(b)=0, (4.124)
= Y kpeBe, kpe €F, ¥V S(b)=1,  (4.125)
S(c)=1
with
KiK' = K 'Ky = Iy, ke {0,1}; (4.126)
We then get
o' =" = ¢, (4.127)
det ¢ - det(¢p™t) = 1. (4.128)
In case of ¢ being an even algebra isomorphism with
P(AO B)=v-¢(A) O é(B), A, B €A, (4.129)

its inverse ¢~ preserves the same exterior product with the factor v,

oA OBY=vt 97 A) 0o (B, A", B € A, (4.130)
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i.e. m and 7' are both algebra isomorphisms in the plus approach, p and

p~ 1 are both algebra isomorphisms in the minus approach.

In case of ¢ being an odd algebra isomorphism with
P(AO B)=v-¢(A) ¢ 6(B), A BeA,, (4.131)
its inverse ¢! preserves the opposite exterior products with the factor v,
oA ®B)=v o7 (A) O (B, A B e\, (4.132)

i.e. # and #~" are algebra isomorphisms from the plus to the minus and from
the minus to the plus approach respectively, p and p~' are algebra isomor-
phisms from the minus to the plus and from the plus to the minus approach
respectively.

Proof. Let us look first at a generic even algebra isomorphism ¢. By con-
struction, equation (4.130) holds for some v’ € F \ {0},

o HA OB =1V ¢ 1 (A) O o (B, VA, B €A,  (4.133)

We now evaluate the left side of equation (4.127)) with respect to a generic
basis vector with grade 2 or higher, i.e. 1 < S(b) < n,

5(b)

5(b)
¢ 'P(By) =00 <> By | =v5®)7t. gt <> #(Bb) (4.134)
=1

=1

— Z/S(b)—l(y/)S(b)—l . ¢_1¢(Blb)

_ Z/S(b)—l(y/)S(b)—l_ <> By

_ (Z/VI)S(b)_l . Bb-
¢~ 1¢ represents the identity mapping if and only if
V=v L (4.135)

In a similar way the evaluation of ¢¢ ! returns the same result. The proof
for equation (4.127) is completed by evaluating ¢~1¢ and ¢! for a generic
odd algebra isomorphism ¢ in an analogous way.

Equation (4.128]) follows from
o o) = v tdetgp- ¢ H(T) (4.136)

n—1
=" L det ¢ (D det(¢p™!) - IT=det¢-det(¢™") - I=1L

As a consequence of equation (4.127)), equation (4.126]) holds for any
grade k. ([l
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In the literature about geometric algebra, the even algebra homomor-
phisms 7 and p defined in theorem .14 and the odd algebra homomorphisms
7 and p defined in theorem are often called outermorphisms. See e.g.
[HS87), [LDQ9, LS16].

4.2. Models of the Exterior Double Algebra A,

Definition 4.24 (Model of an Exterior Double Algebra A,,). Given an exterior
double F-algebra A,,, the choice of a basis in the plus approach, {P,}, and
the choice of a basis in the minus approach, { F}, }, determine a certain model
of exterior double F-algebra A,,.

The simplices {P,} and {Ep} both form a basis for the same 2"-
dimensional vector space A, (+,-). This is why there are two simplices trans-
formations: One describing the basis {Fp} in the plus approach, the other
describing the basis { Py} in the minus approach.

Definition and Theorem 4.25 (Simplices Transformations ¢ and x). For any
model of the exterior double algebra A, with a basis in the plus approach
{Pp}, which represents a first simplex, and a basis in the minus approach
{F»}, which represents a second simplex, we denote the simplices transfor-
mations by ¢ and k and define them by

v Ap(+,5 A — Ap(+, 4, A) (4.137)
P, — (Py) = (70(Pp))T = (Fy)
= Z CoePs, v S(b) =k,
S(c)=k
and
ki An(H, V) — Ap(+,-,V) (4.138)
By — K(Eb) = (po(Eb))” = (Pb)~
= Y meks, Vv S(b) = k,
S(c)=k

where 7y and pg are the algebra isomorphisms with identity matrix defined in
equations (4.107) and (4.108), here applied with A/, = A, i.e. 7o(Pp) = Ep
and po(Fp) = Pp for all binary numbers b with 0 < S(b) < n. Again we
summarise the coefficients (pz and 7pe in matrices,

ZE = (CbE)S(b):k;S(c):k; ) EE = (nbE)S(b):k;S(C):k y (4139)
and get for all 0 < k= S(b) <n
—1 T —1 T
Z-' = Hy, H_' =Z;. (4.140)
¢ and k are linear one-to-one transformations satisfying tx” = &1 = Id

and, equivalently, :7x = kT = Id, yet not even algebra homomorphisms as
defined in Theorem E14]
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Proof. For 0 < S(b) =k <n we get

By = (U(Py))” =< > CbcPc> =< > Cbcn(Ec)> (4.141)

S(c)=k S(c)=k

> GeemaBa = Y (bcTed =0Oba

S(c) =k S(c)=k
S(d) = k
+ +
Py = (k(By)) " = < Z Moz Pc> = < Z Nbe L(Pc)> (4.142)
S(c)=k S(c)=k
= > meGaPa <= D MeCea =ba
S(c) =k S(e)=k
S(d) =k
and thus
T T T T
ZEEE = EEZE = H(z)» EEZE = Z@EE = H(z) (4-143)

¢ and k are linear by definition. They are not representing algebra homomor-

phisms as defined in Theorem since they do not satisfy equation (4.48)
or equation (4.52) for n > 1 and they do not satisfy equations (4.49)) and

(4.50) or equations (4.53) and (4.54) for n > 2. O

By means of the simplices transformations ¢ and x of equations (4.137))
and it is now possible to compute the major exterior product A also
in the minus approach and the minor exterior product V also in the plus
approach. Thus, the two exterior products of the unity free exterior double
algebra A, (+,+, A, V) are available for any multi vectors and in any model of
the algebra.

A specific model of the unity free exterior double F-algebra is the har-
monic one. It will significantly simplify the incidence relations in projective
geometry in its coordinate-bound form later onm

The harmonic model of the unity free exterior double algebra A, is
defined in analogy to what HANNS-JORG STOSS calls Harmonisches Punkt-
Geraden-System [Sto09, Bezeichnung 2.21 on p. 29] and more general Har-
monisches Punkt-Hyperebenen-System [Sto09, Bezeichnung 3.36 on p. 51].

Definition 4.26 (Harmonic Model of the Unity Free Exterior Double Algebra,
Harmonic System of Bases). Let b and ¢ be n-digit binary numbers. In the
case of the harmonic model of the unity free exterior double F-algebra A,, the
simplices transformations ¢ and « from Definition and Theorem take on
the form

CbE = Oébg(sbc, Mbe ‘= (—1)k(n_k)abg(5bc = Oégb(sbc. (4144)

10In the harmonic model of the unity free exterior double algebra A4 a point X =
Booo1 Pooor + BooioPooro + BorooPo1oo + BioooProoo and a plane Y = ~o001Fooo1 +
Y0010 E0010 + Y0100 F0100 + Y1000 E1000 Of projective space P4 will be incident, if and only if
its coordinates satisfy the condition Booo1v0001 + 8001070010 +Bo10070100 + B10007Y1000 = O.
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We denote the simplices transformations in this case by ¢y and k¢ and get
for 0<S(b)=k<n

w: Au(+5A)  — Au(+,5A) (4.145)
P, — w(Po) = (T0(Po))” = (Bb)" = app Py

ko: Ap(+,V)  —  An(+,-,V) (4.146)
Ey > ko(Epb) = (Po(Eb))” = (Po)” = app By,

with the coefficients ape from equations (4.28)) and (4.29), which translate
here to

DEe B D b — (L) SIS 0 Sote b (4.147)

app = (—1
ag, = (1) Ra, - (4.148)

A system of bases { Py}, { Fp} in the harmonic model of the unity free exterior
double F-algebra A,, is called an harmonic system of bases.

We have to check, whether the above given definition of the matrix ele-
ments (pe and 7Nps in equations (4.129)) meet the conditions for the simplices
transformations ¢ and x in Definition and Theorem

Z Coelled = Z 05 cefbedzg S(b) =k (4.149)
S(c)=k S(c)=k
= (app)? Oba = bba,
Z Nbeled = Z O 0ccObelsg (4.150)
S(c)=k S(c)=k
= (0pp)” Obd = Oba-
Example. In the harmonic model of the unity free exterior double algebra
A, we always have
It=7Z", I =2Z". (4.151)

Theorem 4.27. In the harmonic model of the unity free exterior double algebra
we have for the k-vectors

X+ = > P, Yo = > v, 0<k<n, (4.152)
S(b)=k S(b)=k

the two (equivalent) equations

XEAYT = Z pove | I, XFP VY- = Z povp | T7. (4.153)
S(b)= S(b)=k
Proof.
Xg A\ YE_ = Z ,Ll,bl/dpb NFEq = Z Oéda[LdePb A\ PE (4154)
S(b) = k S(b) = k

S(d) =k S(d) =k



36 Oliver Conradt

= | > (app)’move | TF = | Y ppwp| IF

S(b)=k S(b)=Fk
Xg \Y Yzi = Z wovaPo V Eq = Z agbudeEEV FEq (4155)
S(b) = k S(b) = k
S(d) = & S(d) = k
= Z (agq)’pava| I” = Z pava | 1™
S(d)=k S(d)=k

O

Any model of the exterior double algebra with its simplices transforma-
tions ¢ and x can be decomposed into the simplices transformations ¢g and
ko respectively and an even algebra automorphism.

Definition 4.28. Let the exterior double algebra A, be endowed with a generic
model expressed in terms of the simplices transformations ¢ and  according
to Definition and Theorem Then ¢ and s can be decomposed into the
transformations ¢y and kg of the harmonic model respectively plus an even
algebra automorphism,

L = LpTy = T1LQ, K = Kop2 = p1ko- (4.156)
Equations define the even algebra automorphisms
it A+, A) — A+, A), 1= kg, o= ke, i€ {1,2}, (4.157)
pi s AN+, V) — A(+,-,V), p1i=rel, poi=1lk.

In this article, from now on, we will work in the harmonic model only.

4.3. Dual Spaces in Exterior Double Algebra A,

Let V be any finite dimensional vector space over a field F. It is standard
in linear algebra to define the dual vector space V* as the set of all linear
mappings (linear functionals) ¢ : V +— T. The dual space V* again is a
vector space over the field F with the same dimension dim V. The natural
pairing

Bp: VxV* — F (4.158)
(X, 9) — Bp(X,¢) == 6(X)

defines the non degenerate bilinear form Bp. The double dual space V**
naturally is isomorph to V.

In the context of the exterior double algebra A, the natural pairing
Bp can be defined over the Cartesian product of the plus and the minus
approach. In order to do so, we need the one-to-one correspondence between
linear functionals and multi vectors.



Projective Geometry with Projective Algebra 37

Theorem 4.29. Let V. C A} be a sub vector space of the exterior double
algebra in the plus approach and let ¢ € V* be a functional of its dual space.
Then there is one and only one multi vector in the minus approach

Y =) veEc €A, (4.159)
such that
$(X) = v €F, VX = P eV CAL (4.160)
b b

In the case of V. C A+ representing a sub vector space of the k-vectors in
the plus approach, Y = (Y),  is a k-vector in the minus approach and the
functional is

oLt . X = (X)o, S(b) =0,
s(x)zt = XVY = S(§=kﬂbljbz X=X, 0<k<n,(4961)
NbeZ+ X = <X>na S(b) =n.

Let V. C A, be a sub vector space of the exterior double algebra in the
minus approach and let 1» € V* be a functional of its dual space. Then there
18 one and only one multi vector in the plus approach

X = pePe €A, (4.162)
such that
YY) = mrn €F, VY=Y B, €V CA;. (4.163)
b b

In the case of V. C AF~ representing a sub vector space of the k-vectors in

the minus approach, X = (X>z is a k-vector in the plus approach and the

functional is

/J,beZ_ Y = <Y>0, S(b) =0,

~ ) xAvy = ponZ~ Y = (Y, 0 <k <mn,
V(Y)Z™ = Sg:k {¥) (4.164)

N7/ Y =(Y),, S(b)=n.

Proof. If we choose X = P, in equation (4.160) and ¥ = E. in equation
(4.163|), we get

o(Pe) = ve, Y(Ee) = fic. (4.165)

This is why to each functional ¢ or ¢ corresponds one and only one multi
vector Y in the minus approach or one multi vector X in the plus approach

respectively. Equations (4.161)) follow from equations (4.160) and Theorem

(4.27). Equations (4.164)) follow from equations (4.163)) and Theorem (4.27]).
The linear functionals ¢(X) in equation (4.161]) and (Y in equation

(4.164) can be computed in terms of the minor or major exterior product
respectively, if and only if (X)o = 0 and (X),, = 0 or if and only if (Y)o =0
and (Y),, = 0 respectively. O
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Definition and Theorem 4.30 (Dual Spaces in Exterior Double Algebra A,,).
Let A C A} represent a sub vector space of the exterior double algebra in
the plus approach, let B C A, represent a sub vector space of the exterior
double algebra in the minus approach A, let X be any multi vector of A
and Y any multi vector of B,

X:ZpbeeAcA,t, Y:ZubEbeBcA;. (4.166)
b b

The bilinear form over the Cartesian product of the plus and the minus
approach defined by

Bp: AxB — F (4.167)

(X,Y) = (Z Nbe,ZVbEb> — Bp(X,Y):= ZNbe

b b b

for all X € A and for all Y € B represents a natural pairing, if and only if
Bp is non degenerate. In the latter case the sub vector spaces A C A} and
B C A, are dual to each other, i.e.

B = A7, A= B*, (4.168)
and we have
A=A, B = B**. (4.169)
Some special cases of dual and double dual (sub) vector spaces are
A5 =An, (A =A%, (AT =A7 (A7) =AY, (4170)
(AR = AF (A)™ = A, (AR = ABF (AR )y = AF— 0 (4171)

n

Proof. The bilinear form defined in equation in general is non de-
generate or degenerate. In case of a non degenerate bilinear form Bp, there
is according to Theorem for every Y € B a non degenerate ¢(X) =
Bp(X,Y) and for every X € B a non degenerate ¢(Y) = Bp(X,Y). This is
why equations (4.168]) are true.
Equations (4.169) follow from equations ,
A=DB*"=(A")" =A™, B=A*=(B*)* = B*. (4.172)

The natural pairings Bp corresponding to the dual (sub) vector spaces
of equations (£.170)) are displayed in equations (4.160), (4.163)), (4.161) and
(4.164)) respectively.

Equations follow from equations . O

4.4. Dual Algebra Homomorphisms

Following the standard procedures of linear algebra, we are going to define
dual or transpose algebra homomorphisms. Given the two F-vector spaces
V and W, as well as the linear map f : V — W, the dual or transpose
map f* is defined by f*: W* — V* with Bp(X,¢) = Bp(X, f*(@)) =
Bo(f(X),0) = Bp(Y.4) for all X € V, 6 = f*(1)) € V*, ¥ = f(X) € W
and ¢ € W*.
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Definition and Theorem 4.31 (Dual Algebra Homomorphisms). Given are the
algebra homomorphisms 7, p, © and p as defined in Definition and Theorem
and In order to define the dual or transpose algebra homomor-
phisms 7*, p*, #* and p* respectively, we will use 0 < S(b) =k < n.

The dual algebra homomorphism

™ An(+,-,V) — AL (+,-,V) (4.173)
=> 17 (Ep) — Y=Y B,
b b
> BicEe —i E;
S(c)=k

with respect to the algebra homomorphism 7 is defined by

Bp(X,7*(Y')) = Bp(m(X),Y'), X =) mpPs€An(+,-A). (4.174)

b
The dual algebra homomorphism
P Ap(+, 4, A) — A (4,4, M) (4.175)
= - p"(R) — X'=> mB
b b
Z ToeFe A Pl/a

S(c)=k

with respect to the algebra homomorphism p is defined by
BD(p*(X/)7Y) :BD(lep(Y))a Y:ZVbEb GATL(+a'a\/)' (4176)

b
The dual algebra homomorphism
o Ap(+,-,V) — A (+,-A) (4.177)
= Zu%-ﬁ*(Pé,) — =Y b
b
Z Bbc <« P{)
S(c)=

with respect to the algebra homomorphism 7 is defined by

Bp(X,#"(X')) = Bp(X',#(X)), X =) mphPs € Ap(+,A). (4.178)

b
And the dual algebra homomorphism
ﬁ* : ATL(+"’/\) A A;L(+7"v) (4179)
A e Y=Yk
b
Z P)/bc — E{)

S(c)=k
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with respect to the algebra homomorphism p is defined by
Bo(p*(Y'),Y) = Bo(p(Y),Y"), ¥ =S vpByp € Au(H, V). (4.150)
b

The matrices representing the dual algebra homomorphisms 7*, p*, 7*
and p* are transposed with respect to their corresponding algebra homomor-
phisms 7, p, 7 and p respectively,

B:=BY,  r:=IY,  Br=Bp,  Ip=Ip. (4181

7" represents an algebra homomorphism in the minus approach, p* re-
presents an algebra homomorphism in the plus approach, 7#* represents an
algebra homomorphism from the plus to the minus approach and p* repre-
sents an algebra homomorphism from the minus to the plus approach,

(X'vY)=A-*X)vrr(Y') VX.Y' eA(+,,V), (4.182)

PXANY )Y =p-p"(X)Ap*(Y') VXY €A (+,,7), (4.183)

FXAY) = A7 (X)VA(Y) YV XLY €A (4, A),  (4.184)

P(X' VY= pf(X) A p*(Y) VXY e N, (+,,V), (4.185)
with

det(n™) = det , det(p*) = det p, (4.186)

det(7*) = det 7, det(p*) = det p. (4.187)

Proof. Inserting the different bases elements into equations (4.174]), (4.176),
“, 4.180)) and using the natural pairing Bp defined in Definition and
;4 30

Theorem ) as well as 0 < S(b) = S(c) = k < n, we get
Bin =Y BtaBp(Po,Ea) = Bp(Po, 7" (EL)) (4.188)
S(d)=k
=Bp(n(P),E.) = Y _ PBeaBp(Py, EL) = Pbe;
S(d)=k
Yoe= 3 YeaBp(Pa,Ec) = Bp(p"(P), Ee) (4.189)
S(d)=k
CBo B = S reaBo(Fh B =
S(d)=k
Bin="_ BiaBp(Po,Ea) = Bp(Po, 7" (P)) (4.190)
S(d)=k
= Bp(P; Z BoaBp (P, Eg) = e,
Yoo = AbaBp(Pa,E ) Bp(p*(E}), Ee) (4.191)
S(d)=k

= Bp(p(Ee), Ey) = Y 4eaBp(Pa, Bf)) = Aeb,
S(d)=k
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i.e., equations (4.181)) hold.
In case of the dual algebra homomorphism 7*, we have with equation

(4.57) from Definition and Theorem and with m = o= 1(1)

S (4.192)

k
= \k-1 Zsign(o‘l)Hﬁ[‘;_l(l)b][lc] = k- ngna H A 1Ly
o1 =1

for all b, ¢ with 0 < S(b) = S(c) = k < n. For S(b) = S(c) = 0 there is just
the number 3}, = fpb. We can now show the dual algebra homomorphism
T* is preserving the minor exterior product according to equation (4.182).
Because of the linearity of 7*, it is enough to show equation for any
bases elements X’ = Ej and Y’ = E/ with S(b) = k and S(c) = [. In case
of S(b) #0, S(c) # 0 and S(d) = S(b AND c) =0 we get

k
Bie = Ben = A1) “sign(e™) [] B
o1 =1

Am (B VA (B =X | Y BaeBr | V| Y. BigPe (4.193)
S(f)=k S(g)=l

k l

ST EER) N ARER
i=1 j=1 ’
k+1

= Qpc )\(kJrl \/ 7'('* (E:e) = QOpc Z ﬂzhEh
i=1 S(h)=k+1

where we were using equations and , the arguments of equation
, the associativity of the minor exterior product, Theorem and
the binary number e = b XOR c. In case of S(b) # 0, S(c) # 0 and S(d) # 0
we use equation to see both sides of equation (4.182)) vanishing. In
case of S(b) =0 or S(c) = 0 both sides of equation nish trivially.

This is why 7* represents an algebra homomorphism in the minus
approach and preserves the minor exterior product according to equation
[{.182).

In a similar way it is possible to prove, p* represents an algebra ho-
momorphism in the plus approach and preserves the major exterior product

according to equation (4.183|).

In case of the dual algebra homomorphism 7*, we have with equation
(4.83)) from Definition and Theorem and with m = o~1(I)

aub (4.194)

Bie = Beb = A1) sign(o™
o—1

sz
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k k

_ \Ek—1 . 1 A k=1 . S

=N sien(e D [TA L bier =X Dosiene [T A b, e
=1 o m=1

o1
for all b, ¢ with 0 < S(b) = S(c) = k < n. For S(b) = S(c) = 0 there is just
the number ng = Bbb. We can now show the dual algebra homomorphism
7* is preserving the exterior products according to equation (4.184]). Because
of the linearity of 7*, it is enough to show equation any bases
elements X' = P/ and Y’ = P, with S(b) = k and S(c) = [. In case of
S(b) #0, S(c) # 0 and S(d) = S(b AND c¢) =0 we get

ANwt(POYVAP) =X | D BacEe | v D] ,é’ngg) (4.195)

S(f)=k S(g)=1

k l
= MR (\/ fr*(Pi’b)> vV A (P)

i=1 j=1
k+1
= ape AT/ 35 (P) =ape | D Binbn
i=1 S(h)=k+l1

= ape - T (PL) = 7" (ape - PL) = 7 (P, A PL),

where we were using equations and , the arguments of equation
, the associativity of the exterior products, Theorem and the
binary number e = b XOR c. In case of S(b) # 0, S(c) # 0 and S(d) # 0 we
use equation to see both sides of equation (4.184]) vanishing. In case
of S(b) =0 or S(c) = 0 both sides of equation nish trivially.

This is why 7* represents an algebra homomorphism from the plus to
the minus approach and preserves the exterior products according to equation
[1S3).

In a similar way it is possible to prove, p* represents an algebra homo-
morphism from the minus to the plus approach and perserves the exterior
products according to equation .

Inserting S(b) = k = n in equation we get

AP det (%) = B = Bob = A" det T, (4.196)
N det(p®) = ip = Yob = A"t det p, (4.197)
AV det (%) = Bip = Bob = A" det 7, (4.198)
N det(p*) = Atp = Abb = A"t det p, (4.199)

i.e., equations ([4.186)) and equations (4.187)) hold. O

The following Theorem and Definition and Theorem reveal
the close relationship between the dual and the inverse of any algebra iso-
morphism.

Theorem 4.32. Let 7, p, ™ and p represent algebra homomorphisms according
to Definition and Theorem[{.14) and[{.14 And let T*, p*, #* and p* represent
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their dual algebra homomorphisms according to Definition and Theorem[{.30]
respectively. We then have

Bob A" tdetw-ZT, 0= S(b) =k,

*n(Pp) = AN 2detn - Py, 0< S(b) =k <n, (4.200)
Beg A" Ldetr - T+, n=S(b) =k,
Bbb A tdet - (Z/)_, 0= S(b) =k,

ar*(Ey) =< A" 2?detw- Ef, 0<S(b)=Fk<n, (4.201)
Beg An~Tdetr - (I')~, n=S(b) =k,
Yo "t detp-Z7, 0=S(b) =k,

p*p(Ep) =< u"2detp- Ep, 0<S(b)=k<n, (4.202)
Yeg "t tdetp-I7, n=S(b) =k,
Yob p" " tdetp- (Z')F, 0= S(b) =k,

pp*(PL) =< u"2detp- P, 0<S(b)=Fk<n, (4.203)
Yep " detp- (I)F, n=S(b)=k,
Bob A" det i - Zt, 0= S(b) =k,

##(Py) = { A"2det# - Py, 0<S(b)=k<n, (4.204)
Bz At det# - T+, n=S(b) =k,
Bpb A" Ldet - (Z')*, 0=S(b) =k,

FA*(PL) =< A" ?det - P, 0<S(b)=Fk<n, (4.205)
Bep AnLdet - (I)*,  n=S(b) =k,
Apb p"tdetp-Z7, 0= S(b) =k,

P p(Ep) =< u"2detp- Ep, 0<S(b)=Fk<n, (4.206)
Ygp " tdetp-I7, n=S(b) =k,
Abb "t det p- (Z')7, 0=S(b) =k,

PP (EL) = pr—2det - B, 0<S(b)=Fk<n, (4.207)
Sgs i detp- (). n=S(b) = k,

Proof. We will prove first equation and start with the case S(b) =0,
7*1(ZY) = Bop 7 (Z7) = Bob 7 (I7) = Bpp A" Fdet(r*) - I (4.208)
= Bpp A" Ldetw-ZT,
continue with the case S(b) = n,
m*r(IT) = A" tdet - 7*(IT) = A" Hdet - 7% (Z7) (4.209)
= Bep AN ldetn - Z7 = Bep ANt ldet - I,

and close the prove for equation (4.200) with the remaining case 0 < S(b) =
k < n,

T m(Po) = > Boem (P = Y 0zcBoem (EL) (4.210)
S(c)=k S(c)=k
= Z e Pbe Bag g = Z Oge 0igq Poe Bas Pa
S(c) =k S(c) =k

S(d) =k S(d) =k
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k
— \k—lyn—k-1 Z [acc agq (Z sign oy H B[lb][am)c]> .
o1 =1

S(c) =k
S(d) =k

k
(Z sign oz H 6[71Ld][02("l)c]>‘| Fa
e m=1
k
DY [acc 0 (Z sign o Hﬁnbnaw“]) |
o1 =1

S(c) =k
S(d) =k
<Zs1gnag H ﬂ(i oy - k)C]> B
I=k+1
— )\TL-Q Z [acc a4 <Z blgnal Hﬁ b][Ucol(” ]>
S(e) =k o
S(d) =k
<251gn03 H 6(1 ndll,, os(l)e]>] Fa
l=k+1
0t 5 [ (S [T )
S(c) =k o1 =t
S(d) =k
(Z signcy [] 4 - k)dnwme]) Fa
l=k+1
_ yn-2 Z [acc Qe Ogg ( Z Qe sign oy signos -
S(C) —k 01,03
S(d) =k

k n
Hﬁ[zb][acu(z)e} H B[(lk)d][oco4(l)e]>‘| Fa
1=1 !

k
= R (1R 3T [add(Zsignasﬂﬁubnwer
S(d)=k o =t
H B[u wdll osme])
I=k+1
n— kn k)
= A" (=M l (ZSlgn‘”’Hﬁ[zb] s0°l

H B[u—k)b][as(z)e])
I=k-+1

B
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n— k n—=k)
= A"2 (1) [ (Z sign o Hﬁ[abm [Gs(l)e]>

= AP (1R [abb%b<
1__[ B[mengsaglmf])
— An-2 (L1)2k(—h) [Z signo H Bloell, e

=\"2detn - Pp,

where we used

o1 .

g9

[/

g5

and

sign os

{1,2,...,k}

l
{1,2,...,n—k}
m

{k+1L,k+2,...,n}
l

n, S((f)=k,
{1,2,...,n}

m

with

e =nf

og(m m

oe(m)€ = (mfk)f
{1,2,...,n}

with

- I

k+1<i<j<n

LIl

Ll

f

o

T

for

I

for

for

Ll

03(j) — 03(7)
I

E Qi 818N 05

{1,2,...,k}
Ul(l),
{1,2,...,n—k}
oa(m),

{k+1,k+2,...,n}

o3(l) :=o2(l — k) + k,

{1,2,...,n}
oe(m)
1<m <k,

k+1<m<n,

{1,2,...,n}

o4(l) := o103(1)

1<1<k,
E+1<I1<n,
{1,2,...,n}
o5(1) := oco4(1)
{1,2,...,n}
o(l) == o504, ' (1)

45

Py

(4.211)
(4.212)
(4.213)
(4.214)

(4.215)

(4.216)

(4.217)
(4.218)

(4.219)
(4.220)
(4.221)

(4.222)

(4.223)
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_ H o2(j —k) —oa(i = k) _ H 02(j") — o2(i’)
k+1<i<j<n g 1<idyan 1Y
= sign o9, i'=i—k ji=7—k,
signop, = .,  signoe = e, (4.224)
sign o4 = sign oy - sign o3, (4.225)
sign o5 = Qg - sign oy - sign o, (4.226)
signo = oy g - signos. (4.227)

The case 0 < S(b) = k < n for equation (4.201) is proven along similar
steps as in equation (4.210)),

m*(Ey) = Z Bre (
S(c)=
S(c) =k
S(d) =k

Z Qce ﬁbc )

S(c)=k

ace P fea Pg =

S(

(4.228)

2.

c)=k

Qce Oggq Beb BEH Eéi

S(d) =k

=\""2detr - E},.
The equations (4.202)) to (4.207)) are proven as well along similar steps.

Definition and Theorem 4.33 (O-Vectors). According to Definition and The-
orem [£.14] [4.15] and Theorem [ we may choose the transformations of
0-vectors by the different types of algebra homomorphisms to be{EI

O

M) = IR, () = ) (1.220)
HEY) = () 2= ), (4230)

i.e., the coefficients from equations (4.48)), (4.52), (4.74) and (4.78) take on
the values

]. —5 et 1_5 e
Bob = %, Tob = Ll (4.231)
1
N 1 — 6odet # R 1 —d00det 5
Bob = %, Ybb = $, (4.232)

where the binary index b satisfies S(b) = 0. With this choice, the formulas
of equations (4.200) to (4.207)) in Theorem simplify to

71 (Py) = A" 2 det T - Py, 0<S(b)=k<n,, (4.233)
11'Why do we use the Kronecker-delta-function in the defining equations and
? The main reason is to include the vanishing algebra homomorphisms, i.e. for
example m(X) = 0 for all X € A,,. With a definition like 7(Z1) = (2')*/x there would be
no vanishing 7 possible. With the chosen definitions in equations and the
algebra homomorphisms behave similarily with respect to O-vectors as they do with respect
to n-vectors. They vanish, if the algebra homomorphism has a vanishing determinant, oth-
erwise not. Another reason for this choice of definition is Theorem 34l The assertion of
the latter would be broken for the O-vectors without using the Kronecker-delta-function in

the defining equations and .
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¥ (By) = \""2det - By, (4.234)
pp(Ep) = p" " *det p - B, (4.235)
pp*(PL) = " 2detp- P, (4.236)
77 (Pp) = A" 2 det 7 - Py, (4.237)
Fa*(PL) = \""?det 7 - P, (4.238)
p*p(Bp) = p" " det p - Ey, (4.239)
pp*(EL) = p" 2 det p- By, (4.240)

Proof. We are free to define the algebra homomorphism as done in equations
(4.229) and (4.230). There will be no conflict with no algebra homomorphism.
As a consequence we get the coefficients of equations and .
In oder to get equations (4.233)) to (4.240)), insert the the coefficients of
equations (4.231]) and (4.232)) in equations ([4.200) to respectively. [

Theorem 4.34. For any degenerate algebra homomorpohism ¢ according to
Notation there is at least one X € A \ {0} for all k € {0,1,2,...,n}
with ¢(X) = 0.

Proof. In case k = n, we get for X = €I € A"\ {0} ¢(X) = &o(I) =
&v"ldet ¢ - I =0, since det ¢ = 0.

In case k = 0, we get for X = ¢Z € A%\ {0} ¢(X) = £¢(Z) = 0, because
of Definition and Theorem £33

The degenerate algebra homomorphism ¢ restricted to A¥ with k €
{1,2,...,n — 1} is not injective, i.e., there are elements X; € A* \ {0} and
X, € AF\{0} with X; # X3 and ¢(X;) = ¢(Xz). Thus, with X := X; — Xy #
0 we get ¢(X) :¢(X1 —X2) :¢(X1)—¢(X2> =0. U

Let ¢ be an algebra homomorphism, ¢* its dual transformation and
b a binary index with check sum S(b) = k, then the product ¢*¢(Byp) is
represented by the product of the cofactor matrix cof (Kg) and the matrix
K. The matrix K represents the transformation of k-vectors by ¢. Corollary
will provide the details. Since the concept of a complementary basis in
an exterior algebra will be used in Corollary the corresponding notation
is introduced now.

Notation 4.35 (Complementary Basis of an Exterior Algebra). In order to
make the transition from a given basis {Py}, {Ep} or {Bp} to its comple-
mentary basis, we use the following notation:
P} := Ep, Ef = Py, (4.241)
B = { Py, in case of By = Ep,

FEy, in case of By, = Pp. (4.242)

Corollary 4.36 (Cofactor Matrix, Adjugate, Classical Adjoint). Let ¢ denote
a generic algebra homomorphism according to Notation[{.29 and let

o A — (AL)* (4.243)

n
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¢ ((BL)) = Y rheB: L (By)"
S(e)=k
be its dual algebra homomorphism with S(b) = k. According to Definition and

Theorem[{.33 and the proof of Theorem[{.39 - compare equations and
- we have

% T n—
¢*$(Bp) = Y fbe (0zc Oy kigp) Bb=v"""det¢- By,  (4.244)
S(c)=k
where
cof (K7) := (e agy, %E)S(c):k;S(b):k (4.245)

is the cofactor matrix of order k of the matriz K¢ and
ad]j (KE) = COf(KE>T (4.246)

is the respective adjugate matrix of order k. In case of order k = 1, the

expressions of equations and reduce to the classical cofac-

tor matrix cof(K7) and the classical adjoint adj(Ky), 4. e. with the classical

indices i,j € {1,...,n} C N related to the binary indices ¢ and b by

d=c, ;d:=Db, S(d) =mn, (4.247)
we get
e gy, = (—1)7, (4.248)
n—1
= n2 i —
Kgp =V Z sign o H R, )] (4.249)
o =1
Rl,d],d] Ry, d] Flyd]lj4d] Rl d][,d]
— "2 det Fli_ydilydl 7 Ryl _yd] Fl_yd]ly,d] 70 Rl d][,d]
H[i+1d][1d] e H[i+1d][j71d] ’{[i+1d][]‘+1d] H[i+1d][nd]
Flndlld] 77" Flndll;_,d] Rlpdllj4,dl Flnd][,d]

Proof. Using the expressions of equation (4.148]) and (4.147), we can show
equation (4.248)),

Oge O, = Oz Qg = (—1)DHU=D = (L1)Hi=2 — (1) (4.250)

O

Corollary 4.37 (Two Representations for the Inverse Algebra Isomorphisms).
Let ¢ denote a generic algebra isomorphism (det ¢ # 0) according to Notation
. Then, with Theorem ¢~ represents an inverse of ¢. With Def-
inition and Theorem [[.33, we now have another representation of the same
inverse algebra isomorphism,

R 4

_. 4.251
v=2det ¢ (4.251)
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The two representations of the inverse of an algebra isomorphism ¢ are listed
below for each type of algebra isomorphism. For an algebra isomorphism m in
the plus approach,

T(XAY) =X 7(X) An(Y), (4.252)

the two representations of the inverse algebra isomorphism n~" prteserve the
exterior products as follows

T X AY) =2 (X)) AT HY), (4.253)
7 HX'VY) =X det - H(X) va (YY), (4.254)

for an algebra isomorphism p in the minus approach,
p(XVY) =p-p(X)Vp(Y), (4.255)

the two representations of the inverse algebra isomorphism p~! preserve the
exterior products as follows

p X VY ) =t pTH X VT HY), (4.256)
p X AY') =" detp- pH(X) A pTHY); (4.257)

for an algebra isomorphism & from the plus to the minus approach,
A XAY)=X-7(X)Vv#Y), (4.258)

the two representations of the inverse algebra isomorphism 71 preserve the
exterior products as follows

FHX VY ) =2 AN X ) ARTHY), (4.259)
FH X AY) = et 7 -7 H (X)) v ATHY); (4.260)

and for an algebra isomorphism p from the minus to the plus approach,
HXVY) = - p(X) AG(Y), (4.261)

the two representations of the inverse algebra isomorphism p~' preserve the
exterior products as follows

G AYY) = (X VYY), (4.262)
pHX VY ) =pr et ppmHX ) A pTHYY). (4.263)
Proof. Equation (4.251)) is a consequence of Definition and Theorem in

case ¢ represents an isomorphism.

Equation (4.252) is by definition true for an algebra isomorphism .
[4.50)

Compare equation (| . The first representation of the inverse algebra iso-
morphism 7! preserves the exterior products according to equation (4.253)).
This is a consequence of Theorem applied to equation (4.252)). The
second representation of the inverse algebra isomorphism 7! preserves the
exterior products according to equation (4.254]). This is a consequence of in-
serting equation into equation rom Definition and Theorem
(14.31)).

The equations to for the other types of algebra isomor-

phisms follow with similar arguments. (Il
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It is now not difficult to conclude, any algebra isomorphism is preserving
both exterior products. Since the preservation of the exterior products is
essential for projectivities later on, we highlight the corresponding property
of generic algebra isomorphisms in

Theorem 4.38. Let ¢ denote a generic algebra isomorphism (det ¢ # 0) ac-
cording to Notation[{.23. Then ¢ preserves both exterior products,

é even T(XAY) = A-7(X) An(Y), (4.264)
(X VY) = m (X)) V() (4.265)
pPXVY) =p-p(X)Vp(Y), (4.266)
PXNY) = g oK) AplY), (4207)
6 odd FHXAY) = A-#(X) VA(Y), (4.268)
AXVY) = m (X)) AR(Y), (4.269)
X VY) = - pX) AAY), (1270)
AXAY) = m XV Y. (4.271)

Proof. Equations (4.264]), 4.268) and (4.270|) are true by definition.

Compare (4.50)), (4.54]), (4.76]) [4.80]) of Definition and Theorem and
4.15] We get equations (4.265), (4. 4.269) and (4.271)) by applying The-
orem to the equations (4. . 4.260) and (4.263]) of Corollary

4,37 (]

4.5. One and the Same Algebra Isomorphism in Different Approaches

The two representations mentioned in Corollary and displayed in Theo-
rem [£.38] are either an isomorphism in the plus approach and an isomorphism
in the minus approach (in case of even isomorphisms) or an isomorphism from
the plus to the minus approach and an isomorphism from the minus to the
plus approach (in case of odd isomorphisms). In general, any pair of two
different even or odd algebra isomorphisms respectively, which represent the
same transformation, are related as follows:

Theorem 4.39. The algebra isomorphism 7 in the plus approach,
m(Po) = Y BoePs, 0<S(b)=k<n, (4.272)
S(c)=k
and the algebra isomorphism p in the minus approach,

p(Ea) = Y "aeEl, 0<S(d)=m<n, (4.273)
S(e)=m
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defined in Definition an Theorem [{.1]}, represent one and the same one-to-
one transformation, if and only if

Yde = O qg Bas Yes (4.274)
or, equivalently, if and only if
Bbe = Oy, Vg Y- (4.275)
In addition we have
detm = # det p = Aui—l’ 32?; - (g)"_g. (4.276)
The algebra isomorphism & from the plus to the minus approach,
#(Po) = > Pockl, 0<S(b)=Fk<n, (4.277)
S(c)=k

and the algebra isomorphism p from the minus to the plus approach,

p(Ea)= > AdePs, 0<S(d)=m<n, (4.278)
S(e)=m

defined in Definition an Theorem represent one and the same one-to-
one transformation, if and only if

ﬁ/de = ada Baé Qge (4.279)
or, equivalently, if and only if
Bbe = 0gp Yoe Cce- (4.280)
In addition we have
1 1 det 7 w2
detw = ———,  detp= , A:(f) . (4.281
an A1 e Apn—t det p A ( )

Proof. Using the transformations from the basis in the minus to the basis in
the plus approach of equation (4.146|), P, = og, By and P, = aecEL, we get
from equation (4.272)) the following expression,

m(Ep) = Y oppBocoecFs, (4.282)
S(c)=k

and withb=d,c=eand m=n —k,

7(Eq) = Z Qg BasCes EL, (4.283)
S(e)=n—k
and thus
p(Ba) = Y 7acEl, with Yde = Qg Bas Ves- (4.284)
S(e)=m

The equations (4.274) and (4.275) are equivalent — not only numerically,
but also in the sense, the coeflicients vqe represent an algebra isomorphism

if and only if the coefficients Sy represent an algebra isomorphism. In order
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to show this, we first assume 7 to be an algebra isomorphism. With equation
(4.254) we get for A, B € A,
p(AV B) = p(ﬂ'_lp(A) Vv ﬂ_lp(B)) (4.285)

1 _
= T ge ™ (p(A)V p(B))
_ 1
=p-p(A)Vp(B) with p= o,

i.e., the transformation p preserves the minor exterior product V and repre-
sents an algebra isomorphism in the minus approach. With equation (4.285|)
and
I =7'p@)=p"tdetp -7 1(I7) = p" tdetp- 7 Y(Z") (4.286)
=" ldetp-ZT = " Ldetp- I
we get equations (4.276)).

Secondly we assume p to be an algebra isomorphism. With equation

(4.257) we get for A, B € A}

m(AAB) =n(p'm(A) A p~'7(B)) (4.287)
= g ((A) An(B)
. 1
=A-w(A)A7n(B) with )\:m,

i.e., the transformation 7w preserves the major exterior product A and rep-
resents an algebra isomorphism in the plus approach. With equation (4.287))
and
I"=p 'n(@") =A""tdetm-p '(IT) = A" "tdetm-p H(Z7)  (4.288)
=p\" ldetn-Z7 = pA\" tdetw - IT
we get equations (4.276)) again.

Using the transformations from the basis in the minus to the basis in
the plus approach of equation (4.146), P, = og, By, and using the trans-
formations from the basis in the plus to the basis in the minus approach

of equation (4.145) E. = aceP%, we get from equation (4.276) the following

expression,

ﬁ'(EE) = Z aEbBbCQCEPEIa (4289)
S(e)=k

and withd=b,e=cand m=n —k,

#(Ea)= Y aggBisoeell, (4.290)
S(e)=n—k
and thus
pEa)= > AacPl, with Ade = g Pae Ose- (4.291)

S(e)=m
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The equations (4.278)) and (4.279) are equivalent — not only numerically,
but also in the sense, the coefficients 4ge represent an algebra isomorphism

if and only if the coefficients Boe Tepresent an algebra isomorphism. In order
to show this, we first assume 7 to be an algebra isomorphism. With equation

(4.260) we get for A, B € A

P(AV B) = p(77 p(A) v 7~ p(B)) (4.292)
= g (A A A(B))

=p-p(A)Ap(B)  with b= T det s’

i.e., the transformation p preserves the exterior products and represents an
algebra isomorphism from the minus to the plus approach. With equation

and
I =750 )=p""tdetp-#7'T7)=p"tdetp- 7~ YZ")  (4.293)
=" Hdetp-ZT = A tdetp- 1T
we get equations (4.281]).

Secondly we assume p to be an algebra isomorphism. With equation
(4.263) we get for A, B € A}
#(AAB) =#(p~'#(A) A p~'#(B)

1 Aa1

) (4.294)
p(®(A) Vi(B))

1
pr—tdetp’

punt detﬁ7r
A-7(A)V#(B) with A=

i.e., the transformation 7 preserves the exterior products and represents an
algebra isomorphism from the plus to the minus approach. With equation

(4.294) and
It =p 7@ =" tdeta-p 1 (TT) = A" tdetr-pH(Z7)  (4.295)
=pX\" Ldet7-Z7 = pA" Ldet - IT
we get equations again. ]

Theorem is only true for algebra isomorphisms and not for algebra
homomorphisms in general, as we will see with the following examples.

Examples. Let n = 3. The dimension of the exterior double algebras Az and
A then is dim Az = dim A} = 23 = 8.
(E1) We first look at the degenerate homomorphism in the plus approach
with A =1
m: As — A (4.296)
Pb — W(Pb) = ﬁbthl)
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given by
1 00
B; = (0), Br=|0 1 0 (4.297)
0 00
Then, the 2- and 3-vectors transform according to the matrices
1 00
Bs=|( 0 0 0 ], Bs = (0). (4.298)
0 0 O
By using equation (4.274) of Theorem the matrices
0 0 O
I's = (0), I's=(10 0 0 |, (4.299)
0 0 1
0 0 O
I's=( 0 1 0 |, I's = (0) (4.300)
0 0 1

are associated to the matrices By from equations (4.297) and (4.298).
Obviously, the matrices I';; from equations (4.299) and (4.300) do
not represent a (degenerate) algebra homomorphism in the minus ap-
proach of the form
p: As — A (4.301)
Ey — p(Eb) = Yob By

with e.g. pu=1.
Secondly we look at the degenerate homomorphism from the plus to the
minus approach with A =1

Fr Ay — AL (4.302)
Pb — 7T(Pb> = BbbEl/)

given by
R X 1 00
0 0 0
Then, the 2- and 3-vectors transform according to the matrices
R 100 A
Bs=1 0 0 0 |, Bz = (0). (4.304)
0 0 0
By using equation (4.279) of Theorem the matrices
R R 0 0 0
I's = (0), 'r=( 0 0 0 ), (4.305)
0 0 1
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i P; = (0) (4.306)

o O O
O = O
= o O

are associated to the matrices BE from equations d4.303[) and (]4.304[).

Obviously, the matrices f‘g from equations (4.305)) and (4.306)) do
not represent a (degenerate) algebra homomorphism from the minus to
the plus approach of the form

b Ay — A, (4.307)
Ey, — P(Eb) = Ybb Py

with e.g. p=1.

4.6. Chains of Algebra Homomorphisms

Let us shortly focus next on chains of algebra homomorphisms and its con-
catenation. An example for such a chain is

A, IR RN Ps, A, (4.308)

In general, a chain can be finite of any length, can be extended to infinitely
many steps to just one end or to both ends.

Theorem 4.40 (Associativity). Let ¢;, i € {1,2,3}, be three generic alge-
bra homomorphisms according to Notation and belonging to the chain
. The concatenation of algebra homomorphisms is associative,

(p3d2)P1 = ¢3(P2dh1). (4.309)

Proof. The associativity on the level of the algebra homomorphisms traces
back to the associativity of the elements in the field F with respect to multi-
plication. Depending on which types of algebra homomorphisms are involved,
it may be necessary to switch the basis from the plus to the minus or from
the minus to the plus approach before performing the (next) algebra homo-
morphism. The details are left to the reader. (Il

Theorem 4.41 (Inverse Algebra Isomorphism). Let ¢ : A, — Al denote a
generic algebra isomorphism. Then there is one and only one inverse algebra
isomorphism ¢~1 1 A, — A, with

¢o~" = da, ¢~ = dra. (4.310)
Proof. Compare Theorem O

4.7. Algebra Endo- and Automorphisms

Let us now specialize to the algebra endomorphisms and automorphisms, i. e.
we choose the unity free exterior double algebras in the chain of equation

(4.308) to be the same,
A=Ay = Ay = A (4.311)
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Notation 4.42 (Sets of Algebra Endo- and Automorphisms). We denote with
H the set of all algebra endomorphisms, with He,en the set of all even algebra
endomorphisms and with H,qq the set of all odd algebra endomorphisms:

H :={¢ | ¢ represents an algebra endomorphism}, (4.312)
Heven := {¢ | ¢ represents an even algebra endomorphism}, (4.313)
Hodd := {¢ | ¢ represents an odd algebra endomorphism} . (4.314)

We denote with P the set of all algebra automorphisms, with Peye, the
set of all even algebra automorphisms and with P,qq4 the set of all odd algebra
automorphisms:

P :={¢ | ¢ represents an algebra automorphism}, (4.315)
Peven := {¢ | ¢ represents an even algebra automorphism}, (4.316)
Podd = {¢ | ¢ represents an odd algebra automorphism} . (4.317)

Clearly we have
P C Ha Peven C Heveru Podd C 7_[odal' (4318)
Theorem 4.43 (Neutral Element). Let ¢ be any algebra homomorphism and

let ¢p1a denote the identity mapping according to Notation [[.23 ¢1a is the
neutral element with respect to concatenation of algebra homomorphisms,

¢ b1a = d1a ¢ = ¢. (4.319)

Proof.
KyTI=1Kys= K. (4.320)
O

Theorem 4.44 (Groups of Algebra Automorphisms). P with respect to con-
catenation of its algebra automorphisms represents a group (P, ). Its neu-
tral element is the algebra automorphism ¢1q. The inverse element ¢~ to a
generic algebra automorphism ¢ is given by Theorem .

(Peven, ) is a subgroup of (P, ).

Proof. (P, ) is associative according to Theorem has a neutral element
¢1a according to Theorem [£:43] and provides to any algebra automorphism
¢ € P an inverse element ¢~! according to Theorem m

(Peven, ) is a subgroup of (P, ), since ¢1q, with ¢ also ¢~* and with two
even algebra automorphisms ¢; and ¢, also the product ¢;¢- are all even
algebra automorphisms. (I

5. Projective Geometry. System of Axioms and Basic Concepts

After the discovery of the principle of duality by the French mathemati-
cians JEAN VICTOR PONCELET (1788-1867) and JOSEPH-DIAZ GERGONNE
(1771-1859) in the first quarter of the nineteenth century, projective geometry
experienced an impulse of development for about one century. This impulse
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expressed itself in a synthetic as well as in an analytic form. In the course
of the twentieth century the synthetic approach became less and less known
although synthetic projective geometry had led to a wealth of new concepts
and an unsurpassed beauty. An example for the new concepts rising out of
synthetic projective geometry is the notion of counterspace [Con08, pp. 55].

Nevertheless, the synthetic approach to projective geometry was further
developed in the twentieth century by authors like e.g. OSWALD VEBLEN
(1880-1960) [VY10, [Veb18], GEORGE ADAMS (1894-1963) [Ada65], Louls
LOCHER (1906-1962) [Loc80bl, Loc80al [LET0, Loc70], HAROLD SCOTT MAC-
DONALD COXETER (1907-2003) [CoxT74], LAWRENCE EDWARDS (1912-2004)
[Edw03], HANNS-JORG STOSS [Sto95l [Sto99], GERHARD KowoL [Kow(9]
and RENATUS ZIEGLER [Ziel2].

The purpose of this section is to provide a system of axioms for pro-
jective geometry P, in terms of the unity free exterior double algebra A,,.
The aim thereby was to analytically represent into every detail the wealth of
synthetic projective geometry as it is described e.g. in the books by LoUIS
LoCHER [Loc80bl Loc80al [LET0].

Definition 5.1 (Projective Algebra A,). Since projective geometry P, is
going to be defined in terms of the unity free exterior double F-algebra
Ap(+,-,A, V), we will call the latter from now on shorter as projective al-
gebra or projective F-algebra Ay (+,, A, V).

5.1. A System of Axioms for Projective Geometry P,

Definition 5.2 (Equivalence Relation and Equivalence Classes). Two multi
vectors A and B of a projective F-algebra A, are called equivalent, if and
only if their homogeneous parts (A); and (B)j differ each in a non zero
number & € F\ {0} for all k-vector parts,

The corresponding equivalence class to a multi vector A is denoted by [A].

The equivalence relation ~ of Definition [5.2|is reflexive, symmetric and
transitive and thus well defined. Reduced to ordinary homogeneous multi vec-
tors, the equivalence relation ~ represents the well know equivalence relation
between homogeneous coordinates in projective geometry.

Definition 5.3 (Projective Geometry P,,). Let A,(+,-,A,V) be a projective
F-algebra. Projective geometry P,, of dimension 2" is determined in terms of
projective algebra A,, by the following axioms:

(Al) Elements of Projective Geometry.
(a) There are n + 1 different types of basic elements corresponding
to the n + 1 different vector subspaces A of projective algebra
A,,. The basic elements of a certain type (called k-elements) are
represented by the homogeneous multi vectors Xj of one of the
n + 1 different vector subspaces AX.
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(b) A multi vector M of the vector space A, (+, ) represents an ele-
ment, i.e. in general of each type of basic element exactly one,

M =" (M) (5.2)

0

(¢) Equivalent multi vectors represent the same element, i.e. all multi
vectors X € [A] represent the same element as A does.

(A2) Incidence Relation. Two elements [A] und [B] are incident if and only
if their corresponding homogeneous parts (A); and (B); meet the con-
ditions

WL ) e e

(A3) Intersection and Connection. The geometric operation of connection
corresponds to the major exterior product (A), the geometric operation
of intersection to the minor exterior product (V).

Remark. There are different conventions of how to interpret the exte-
rior products in geometry. We use — first in the context of projective
geometry and then later also in the context of metric geometries — the
major exterior product A for the operation of connection and the minor
exterior product V for the operation of intersection. The same convention
can be found in [Zad94l Kapitel XII|, [HZ91], [DLO3| equation 10.9] and
[ILD09L Chapter 11]. Examples for the opposite convention are [RGO09,
pp- 29-30], [RG1I p. 44] and [Gunlial p. 18].

Please bear in mind, this only is a different convention and not
a fundamental difference. We just need to know, who is using which
convention, and then can understand each other.

As a consequence of the transition from projective algebra A,, to
Clifford double algebra I';, in Section |8 the geometric interpretation of
the exterior products in the so called homogeneous models of the Calyley-
Klein geometries is the same as in projective geometry. This is why we
cannot choose a different geometric interpretation for the exterior prod-
ucts in the plane-based geometric algebras of LEO DORST and STEVEN
DE KENINCK [DDK24] or the projective geometric algebras of CHARLES
GUNN. [Gunl7] Compare also Subsection

Examples. According to Axiom (A3) of Definition the following exam-
ples illustrate the geometric operations of connection and intersection, which
come along with the major and the minor exterior product respectively. In
all examples we use an harmonic system of bases {Pp}, {Ep} according to

Definition [£.26]
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P> line
AY" = AZ™ line as a pencil of planes
ALF AL { points in the plus approach
2 2 planes in the minus approach

AZT =AY~ line as a range of points

P, incident point-plane-pair
Ag+ = Ag_ point of the incident point-plane-pair
A3t = Ay~ lines (of the pencil of lines)
A§+ = Ag_ plane of the incident point-plane-pair

P3 planar field
AYT = A3~ field of lines as such
A:l,,+ = Ag_ points
A3t =AY lines

AST =AY field of points as such

P3 centric bundle
Ag+ = Ag_ bundle of planes as such
Azt = A3 lines
A§+ = Aé* planes
A3t = A3~ bundle of lines as such

Py space
AYT = Aj™  space of planes as such
AjT =AY points
A3t = A3 linear complexes (including the lines)
AST = A, planes

AjT =AY space of points as such

TABLE 4. Basic elements in the projective geometries Po, P3 and Py. In
space Py, the bivectors form a 5-dimensional projective space and represent
the linear manifold of the linear complexes. The latter includes the lines [,
which satisfy the equivalent line conditions [ Al = 0 and [ VI = 0. All
lines in space form a 4-dimensional quadratic manifold. The basic elements
of the centric bundle Pj3 are lines and planes. No points are present as basic
elements. This is an example, where we can address the lines as hyperpoints. In
projective geometry P,, with n = 2 the subspaces AL* and ADF coincide.
In geometry this is possible when the elements of A%i represent either lines
(in case of the incident point-plane-pair) or in the plus approach points and
in the minus approach planes (in case of a single line).
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In projective geometry P, of space (Table [4)), three points A = (A)T,
B = (B)] and C = (C)] in general position — compare Definition |5.13
— determine one and exactly one connecting plane

ANBANC =(ANBAC)] #0. (5.4)
If we take A = Pygo1, B = Pyo1o and C = Pyyg0, we get
Po111 = Pooor N Pooro A Poioo- (5.5)

Two lines | = ()3 (with [Al = 0) and h = (k)] (with h Ah = 0) meet,
whenever their connection vanishes,

IAh=0, (5.6)

and they are skew, whenever their connection results in the space of all
points as such,

INh={(NR)T #0. (5.7)

If we take | = Pyo11 and h = Pyq10, i. €. the two lines meet in Pyg1g, we
get

INT=0, hANh=0, INh=0. (5.8)
If we take | = Pyg11 and h = Pji1g0, i. e. the two lines are skew, we get
INL=0, hAh=0, INh=T". (5.9)

In order theory, the join of two elements is defined as least upper bound
(supremum). In case of two meeting lines in space, the join results in the
plane spanned by the two lines. Here, with projective algebra, the result
of the operation of connection is the zero vector. Following Definition
of projective geometry in the case of n = 4, there is for two meeting
lines in space always exactly one plane, which is incident with both lines.
In the example of [ = Pyp11 and h = Py110, this plane is Pyi11.

In case only points are involved, the order theoretical operation of
join and the operation of connection from projective algebra deliver the
same result. Compare as an example equations and .

In projective geometry Py of space (Table 7 three planes A = (4)7,
B = (B)] and C' = (C); in general position — compare Deﬁnition
— determine one and exactly one intersecting point

AVBVC=(AVBVC); #0. (5.10)
If we take A = Eygo1, B = Ego10 and C = Egy99, we get
Eo111 = Eooo1 V Eooio V Eo1oo- (5.11)

Two lines | = (I); (with [V =0) and h = (h); (with h V h = 0) are
co-planar, whenever their intersection vanishes,

IVh=0, (5.12)



Projective Geometry with Projective Algebra 61

and they are skew, whenever their intersection results in the space of
all planes as such,

IVh=({Vh) #0. (5.13)

If we take [ = Fgg11 and h = Epi19, i. €. the two lines share the common
plane E()()107 we get

lvi=0, hVh=0, IVh=0. (5.14)
If we take | = Eyg11 and h = E1190, i. e. the two lines are skew, we get
lvi=0, hVh=0, IVh=1". (5.15)

In order theory, the meet of two elements is defined as greatest lower
bound (infimum). In case of two co-planar lines in space, the meet results
in the point shared by the two lines. Here, with projective algebra,
the result of the operation of intersection is the zero vector. Following
Definition [5.3] of projective geometry in the case of n = 4, there is for
two co-planar lines in space always exactly one point, which is incident
with both lines. In the example of | = Fy911 and h = Eg119, this point
is Fo111-

In case only planes are involved, the order theoretical operation of
meet and the operation of intersection from projective algebra deliver
the same result. Compare equations (5.10]) and (

In projective geometry Ps of the planar ﬁeld Tab*two different lines
A = (A)] and B = (B)] determine one and exactly one intersecting
point

AV B=(AVB), #0. (5.16)
If we take A = FEyp1 and B = Ey19, we get
Eo11 = Eoo1 V Eoio. (5.17)

In this lower dimensional case, the order theoretical operation of meet
and the operation of intersection from projective algebra deliver for two
different lines the same result, i. e. the meeting point.

In projective geometry Ps of the centric bundle (Table , two different
lines A = (A)} and B = (B)] determine one and exactly one connecting
plane

ANB=(AANB)] #0. (5.18)
If we take A = Pyp1 and B = Py19, we get
Po11 = FPoo1 A Poro- (5.19)

In this lower dimensional case, the order theoretical operation of join
and the operation of intersection from projective algebra deliver for two
different lines the same result, i.e. the common plane.
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Remark. Let us emphasise the difference of how usually join and meet
are understood and how in terms of projective algebra the operations of
connection and intersection are defined. In order theory we have:

e The join of two elements equals the least upper bound (supremum).
e The meet of two elements equals the greatest lower bound (infi-
mum).
This usually is also applied in projective geometry.

In this article, we define the operations of connection and intersec-
tion according to Definition [5.3|in terms of the major and minor exterior
products respectively. As the above displayed examples show, the defini-
tions of join and meet in the context of order theory and the definition
of the operations of connection and intersection in the context of projec-
tive algebra do not always lead to the same results. This is also why we
are not using the terms ‘join’ and ‘meet’ but instead ‘operation of con-
nection’ and ‘operation of intersection’ or just ‘connect’ and ‘intersect’
respectively.

What is the advantage of defining the operations of connection and
intersection in terms of the major and minor exterior products respec-
tively? As we will see later on, it leads to incidence relations, which are
in space valid not only for points and planes, but also for lines and linear
complexes.

So our attitude towards the geometric operations of connection and
intersection is a learning one. We let us teach from the exterior prod-
ucts, what the meaning of connection and intersection is — especially in
the projective space of all lines and in the projective space of all linear
complexes.

Definition 5.4 (Real, Complex or Finite Projective Geometry). Depending
on the field F of the projective F-algbera A, we have a) for F = R real
projective geometry, b) for F = C complex projective geometry and ¢) for
finite F finite projective geometry.

Definition 5.5 (Names of the Basic Elements for n € {2,3,4}). In case of the
projective geometries Po, P3 and P, we use the in Table @ listed names for
the different types of basic elements.

Definition 5.6 (Space and Counterspace. Projective Version). Inasmuch as
projective geometry P, is expressed in terms of the plus approach A} it is
called space or projective space and inasmuch as it is expressed in terms of
the minus approach A, it is called counterspace or projective counterspace.

Axiom (A2) of Definition shows one way of how incidence can be
determined. According to this Axiom, incidence is a symmetric relation and,
in general, not reflexive, since there are 2-vectors Cz in A4 with C50 C; # 0.
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Projective algebra A,, is with respect to both exterior products ¢ non
commutative. This is why it would be natural to require all commutations
of two elements [A] and [B] to vanish, whenever they coincide. The following
theorem shows three equivalent assertions to determine incidence, one of
which is the before mentioned assumption.

Theorem 5.7. For two multi vectors A, B € A,, we denote the equivalent multi
vectors by X € [A] and Y € [B]. The following assertions are equivalent:

(a) (A)p 0 (B) =0 Vk1e{0,1,...,n},

(b) {X,Y}, =0 and [X,Y], =0 V X € [A] andV Y € [B]

(c) {Y, X}y =0and[Y,X], =0 VX €[A andVY € [B],

(d) XOY =Y O0X=0 YXe[Aand¥ Y [B).
Proof. With X = Y7 vi(A)p V v, € F\ {0} and with Y = >/ &(B);
V& eF\ {0} we get all X € [4] and all Y € [B].

XO0Y-YOX = 0, VXelA
(a) ‘:’{ XOv+vYox = o, vyes [ ©

(b) <= (c¢) is left to the reader.

WithX(}Y:%(QX(}YJrY(}X—Y(}X):%[X,Y]oJr%{X,Y}O
1 1 1 1
and YV O X = [V, X]o + 5 {Y, X}o = —5[X. Y]o + 5{X, Y}

we get @ (b)) < (d).
(I

Examples. With Axiom (A2) of Definition [5.3|and specifically the conditions

of equations , incidence is defined in projective geometry P,,. The follow-

ing examples illustrate the incidence of two geometric elements A and B. We
again use an harmonic system of bases {Py}, {Ep} according to Definition

4.20)

(E1) In space Py, determine all points A = ZS(b):l APy lying in the line
B = —5Pjg01. Since in the minus approach any point A = (A)3 is of
grade 3 and the line B = (B); of grade 2, the product AV B = 0
vanishes trivially — compare equation — and gives us no condition
for the incidence of the points A and the line B. Thus, the two conditions
of equation reduce to one relevant condition,

0=AAB (5.20)

= Z AP | A (=5Pigo1)
S(b)=1

12We are adopting the often used bracket notation for the commutator, [S,T]x = S x T —
T x S, and the anti commutator, {S,T}, := S x T+ T x S. x denotes the product and
can be omitted as a subscript of the commutators, if it is clear from the context, which
product has to be used.
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= (Aoo10Poo10 + Ao100Po100) A (—5Pioo1)
< Aoo10 =0, Ao1oo =0
< A= Xooo1Fooo1 + A1000F1000
¥ Aooot; Atooo € Fand  (Aooo1, Aooo) 7 (0,0)
(E2) In the planar field Pz, determine all points A = ES(b):l AP lying

in the line B = Pig1 — Pp11. With Theorem the two incidence
conditions (5.3 are equivalent, i. e. there is one relevant equation left,

0=AAB=| > MoPo | A(Pio1— Poi) (5.21)
S(b)=1
= —Xo10I" — AgoI™ = —(Xo10 + A10o)IT
<= Ao10 = —A100

< A= Xoo1FPoo1 — MooFoi0 + AooProo =
= Aoo1FPoo1 + Aoo(—Fo1o0 + Pioo)
V Xoots Aoo €Fand  (Aoor, A1oo) # (0,0)

(E3) In projective geometry P,, of arbitrary dimension n, determine all points
(hyperpoints) A = > S(b)=1 Ab Py lying in the projective space of points
(hyperpoints) as such IT. In projective algebra A, the two incidence
conditions of equation hold trivially, i.e., all points (hyperpoints)
A= ZS(b):l Ab Py are part of the projective space of points (hyper-
points) as such It.

In the usual (double) Grafmann algebra, the minor exterior prod-
uct would not vanish, i.e., we would have AAIT =0 and AV It =
AV Z~ = A. Thus, the equations would not in general define
incidence.

(E4) In space P4, we are looking for all lines A = ZS(b):Q APy, which
coincide with the incident point-plane-pair B = Pygo1 + Pi101-

A is representing a line if and only if A $ A = 0. This is the line
or Pliicker condition for a linear complex A to represent a line, which is
also called a special linear complex. With Theorem it is enough

to require
0=ATAA" =ATAAT = 3 MpAe(PoAP) (5.22)

S(b)=2
S(c)=2

= Z AbAg o Prit1

S(b)=2
= 2(A0011M1100 — Ao101 A1010 + Ao110A1001)IT
<= Aoo11A1100 — Ao101A1010 + Aor1oA1001 = 0. (5.23)

Equation (5.23)) is the above mentioned line condition in coordinate
form.
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The point Pygo1 and the plane P11 of the point-plane-pair B are
incident, since we have

Pooor N Prio1 = 0, (5.24)

Pooor V Pr1o1 = 111000010010 1101 * F1110 V Ego1o = 0. (5.25)

The incidence conditions (5.3)) are

0= AA Pyoor = Z AbPo A Pooor = Z AbPooo1r A Py (5.26)
S(b)=2 S(b)=2

= Ao110L0111 + Ar010P1011 + Ar100P1101
< o110 = 0, A1010 = 0, A1100 = 0
= A= doo11Poor1 + o101 Poror + Aoo1 Proot
V Aoo11, Ao1o1; A1001 € F
<= A represents any line from the bundle of lines

thl"Ollgh P0001 .

0=AAP;;01 VA (no condition on line A) (5.27)
0=AV Pyor VA (no condition on line A) (5.28)
= Z by, B V (0010 1101 Eoo1o)
S(b)=2
= 0101101 Z Avog, £V Egoto
S(b)=2

= 00101101 (A101020101 1010£0111 + Ao110000110 1001 E1011+
+Xoo11@1100 0011 F1110)
< Aoo11 = 0, Ao110 = 0, A1010 = 0
< A= Xo101Po101 + A1001 Proo1 + A1100P1100
V' Ao101; A10015 A1oo1 € F
<= A represents any line from the field of lines

in P1101.
Equation (5.26)) and (5.29) restrict the solution to
A = X101 Poro1 + Aoo1 Proots V¥ Aotors Aot € T, (5.30)

i.e., A represents any line of the pencil of lines through the point Pygo1
and in the plane Pjjg1 of the incident point-plane-pair B. The solution

of equation (5.30)) meets the line condition ([5.23]).

This is an example where two incidence conditions of equations

(5.3) are non trivial.

(E5) Are all basic elements of projective geometry P, in space incident with
itself? Or is the incidence relation reflexive for all basic elements of
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projective geometry Py?

XIAXF=0, XFvX©=o,
space of planes as such A" 0 (5.31)
vV XF e AYT
N Xfaxt=0, Xxtvxi=o, (5.52)
points 5.32
Pl v xS ealt
+ +_ + +_
XIAXS =0, X;vXS=0,
If this condition is satisfied,
the linear complex X;‘ €At
linear complexes A3 represents a special one, (5.33)
i.e. a line.
All other linear complexes
X; € A;" are not incident
with itself anymore.
XIAXT=0, XIvXS=o,
planes A3T 5 (5.34)
vV XS e AyT
XInXt=o0, XfvXI=o,
space of points as such Aj" A (5.35)
VX e AyT

We see, all basic elements of space are incident with itself, except for
the non-special linear complexes. An example for such a complex is

+ _ .
Xg = Pyo11 + Pi1oo, since

X5 AXT = (Pooun + Piioo) A (Poon + Prigo) = 217, (5.36)

(E6) We continue with projective geometry P, in space. For two basic ele-
ments A, B of the same type, when are they incident?
AANB=0, AV B=0,
two points A, B€ A" § s A~ B, i.e. when A and B (5.37)
represent the same point.
AANB=0, AVB=0,

(a) ANA=0and BAB=0
<= The lines A and B meet
and are co-planar.

two linear complex2e+s (b)) ANA#0and BAB=0 (5.38)
A, B e A <= The line B belongs to the
linear complex A.

(c) ANA#0and BAB#0
<= The linear complexes A and
B are null-invariant.
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ANB=0, AvB=0,

two planes A, B € A7* § s A~ B, i.e. when A and B (5.39)
represent the same plane.

The case AANA = 0 and B A B # 0 is covered by the case (b) of
the incidence equations , since the the latter are symmetric with
respect to A and B.

The last two examples demonstrate the incidence relation in pro-
jective geometry Py of space. The incidence conditions of Axiom (A2)
of Definition bring together in case of projective geometry P4 of
space, the incidence relations between points and planes respectively, as
we are used to see them, with the incidence relations for the linear com-
plexes. The latter are also know as null-invariance. Compare Definition
3.20 of [Sto99, p. 106]. Limited to the lines of the projective space of
linear complexes, the null-invariance becomes the meeting relation (in
German: Treffrelation) of projective line geometry. Compare Chapter 7
of [Sto95] p. 106].

Remark. The advantage to define incidence for two generic geometric
elements A and B according to Axiom (A2) of Definition becomes
obvious, when proceeding to the incidence relations of spacial projective
geometry Py: This definition integrates the incidence relations for points
and planes — which can also be expressed in terms of the order theoret-
ical operators of join and meet — as well as the incidence relations for
linear complexes, i.e. null-invariance. [Sto99, p. 106] One and the same
definition, of what incidence is, holds for all involved basic elements.

5.2. Principle of Duality

Definition 5.8 (Major Dual). The major dual S’ of any expression S from
projective geometry P, such as e.g. an equation, a theorem, or a definition
is obtained by interchanging A with V and by reversing the sign of the plus-
minus notation.

Theorem 5.9 (Major Principle of Duality). Any statement S from projective
geometry Py, is true if and only if the major dual statement S’ from projective
geometry Py, is true.

Proof. Definition [5.3| of projective geometry P,, as well as Definition of
projective F-algebra are symmetric with respect to the plus and minus ap-
proach. The major principle of duality is rooted in the axioms of projective
geometry P,. O

Definition 5.10 (Minor Dual). Let S be any expression such as e. g. an equa-
tion, a theorem, or a definition in the plus (or minus) approach. of P,,. The
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Space A} Counterspace A,
X5 =2smy—xPb & Xpi=3 g4 mEp
A= Zb /\be — fi= Zb )\bEb
A\ <~ V
V <~ A
[Zb )\be] and } o { [Zb >\bEb] and

[> " 1ePe] are incident. [> . 1cEc] are incident.

TABLE 5. Major principle of duality in projective
geometry Pp.

minor dual S” of S is obtained by translating the major dual S’ from the mi-
nus approach (or plus approach respectively) to the plus approach (or minus
approach respectively).

Theorem 5.11 (Minor Principle of Duality). Any statement S from projective
geometry Py, is true if and only if the minor dual statement S” from projective
geometry Py, is true.

Proof. S < S’ < S". See Table[f] O
Space A} Space A}
X5 = 2s(b)=k b P = (X% >n = 2oS(b)=k 1 (Ep) ™
A= Py o (AN = 30 A (B ) s
A <~ V
\% > N
[>_b AbPp] and o ([> b ApEb])* and
[> . 1ePe] are incident. ([>°c peEe])™ are incident.
Counterspace A, Counterspace A,
(Xp)— = 2sm=e ip(Pp)™ & Xii=3 gq 4 inEp
< > - Zb Ab<Pb>n 5(b) < = Zb >\bEb
A <~ V
V > A
<[Zb )\be]>7 and o [Zb )\bEb} and
([>-c 1ePe])~ are incident. [>" . cEc] are incident.

TABLE 6. Minor principle of duality in projective geometry
Pr.
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n € {1,2} Space A} Counterspace A,,
Po line
k=0 m=0 lne line
k=1 m=0 point or plane plane or point
m =1 pencil of points or of planes pencil of planes or of points
k=2 m=0 line line
Po incident point-plane-pair
k=0 m=0 incident point-plane-pair incident point-plane-pair
k=1 m=0 line line
m =1 pencil of lines pencil of lines
k=2 m=0 incident point-plane-pair incident point-plane-pair

Ps planar field

k=0 m=0 field of lines as such field of points as such
k=1 m=0 point line

m =1 pencil of points pencil of lines

m =2 field of points field of lines
k=2 m=0 line point

m =1 pencil of lines pencil of points

m =2 field of lines field of points
k=3 m= field of points as such field of lines as such
Ps centric bundle
k=0 m =0 Dbundle of planes as such bundle of lines as such
k=1 m=0 line plane

m =1 pencil of lines pencil of planes

m =2 bundle of lines bundle of planes
k=2 m=0 nplane line

m =1 pencil of planes pencil of lines

m =2 bundle of planes bundle of lines
k=3 m=0 Dbundle of lines as such bundle of planes as such

TABLE 7. k-primitive geometric forms of grade m in Ps
and Ps3. The basic elements of a k-primitive geometric form

are homogeneous multi vectors of grade k.

5.3. Primitive Geometric Forms
Primitive geometric forms are linear geometric objects. The Tables [7] and
list all primitive geometric forms of the projective geometries P, P3 and Pj.

Definition 5.12 (k-primitive Geometric Form of Grade m). Let X; = (X;)x
denote m + 1 linear independent k-vectors in projective geometry P, with
1<i<m+1< (Z) and 0 < k < n. Then the k-primitive geometric form of
grade m is the sub vector space

& € F}

m+1
U:= {Z &iXi
1=1

of projective algebra A, with dimU =m + 1.

(5.40)
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Space A} Counterspace Ay
Py space
k=0 m= space of planes as such  space of points as such
k=1 m=0 point plane
m = pencil of points pencil of planes
m =2 field of points bundle of planes
m =3 space of points space of planes
k=2 m=0 complex wood
m =1 pencil of complexes pencil of woods
m =2 bundle of complexes bundle of woods
m =3 3-manifold of complexes 3-manifold of woods
m =4 4-manifold of complexes 4-manifold of woods
m =05 5-manifold of complexes 5-manifold of woods
k=3 m=0 nplane point
m =1 pencil of planes pencil of points
m =2 bundle of planes field of points
m =3 space of planes spaces of points
k=4 m=0 space of points as such  space of planes as such

TABLE 8. k-primitive geometric forms of grade m in Py.
The basic elements of a k-primitive geometric form are
homogeneous multi vectors of grade k.

The general position of [ basic elements of a k-primitive geometric form
of grade m is an important conditions in many theorems of projective geom-
etry P, e.g. in the Fundamental Theorem of Projective Geometry later
on.

Definition 5.13 (General Position of | Basic Elements). Let £; := {i | i,] €
N,1 < i <} be the set of the [ first natural numbers. { basic elements X,
i € L}, of a k-primitive geometric form of grade m are said to be in general
position

(a) in case of I < m + 1 if and only if the [ k-vectors X; are linearly inde-
pendent.

(b) in case of I > m + 1 if and only if for any variation {i1,...,%m41} of
length m + 1 without repetitions

{21,7’Lm+1}C£l and 1<% §§1m+1 <l (541)

the k-vectors X;,, ..., X are linearly independent.

Tm41

If we have more than m + 1 basic elements of a k-primitive geometric
form of grade m in general position, then it is always possible to choose m+1
basic elements and display the rest as linear combinations of the first m + 1
freely chosen basic elements. This is the content of Theorem It will be
used later on in the proof of Theorem
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Theorem 5.14. Let £, := {i | i,1 € N,1 < i < I} be the set of the | first
natural numbers and let the | basic elements

of a k-primitive geometric form of grade m be in general position. Further
we choose

I>m+1, k,meN, (5.43)
7= {il,ig,...,im+1}, 1§i1<i2<"-<im+1§l, (544)
f: {im+2,im+3,...,il} = ,Cl\I7 (545)
1 <imio <imes <...<i <L (5.46)

For any set of indices T and for any index r € T the coefficients \,.s of the
linear combination

X, = Z)\TSXS, rel, (5.47)
sel

do not vanish,
Ars # 0, VI, VreI, VscI. (5.48)
Proof. By precondition, the basic elements
X, sel, (5.49)

are linearly independent for any set of indices Z. Thus, with the linear com-
bination of equation we can describe all basic elements of the given
k-primitive geometric form of grade m and especially the basic element X,
with r € T.

We will proof the assertion by contradiction an thus assume that there
is for a certain choice of Z = 77, r = r; and s = s; a vanishing coefficient
Ars; = 0. Then there is the set of indices

Iy == (T \ {s1}) U{r}, (5.50)
where the m + 1 basic elements X, j € Z, are linearly dependent. This is in
contradiction to the precondition that the [ basic elements X;, ¢ € £; are in
general position. ([l
5.4. Cross Ratio
The cross ratio of four different basic elements is another basic and funda-
mental concept of projektive geometry P,. We define it here, look at some
of its properties and show its invariance under the operations of connection
A or intersection V.

Definition 5.15 (Cross Ratio). Four different basic elements
of a k-primitive geometric form with

~vC=A+)\B and 0D =A+uB (5.52)
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form the cross ratio

CR(ABCD) := % (5.53)

With respect to the cross ratio, the basic elements A and B are called base
elements, the basic elements C and D dividing elements.

Please note the order of A, B, C, D in the cross ratio. The base element A
is the first element in the notation CR(AB CD) and in the linear combination
of the equations it is the basic element, whose coefficient has to be 1.
So the order of the base elements in the notation CR(AB CD) has to be
taken into account. The same is the case for the dividing elements. The first
dividing element C' in the notation CR(AB CD) delivers the coefficient A for
the numerator, the second dividing element D in the notation CR(AB CD)
delivers the coefficient p for the denominator of the cross ratio.

In order to show, that the cross ratio is well defined and does not depend
on the weight factors of the basic elements A, B, C and D, we replace the
latter by

A=d'A €A, B=p'B' €[B], C=+'C"€|C], D=4¢D"€[D] (5.54)
with o/, 8',+',6" € F \ {0}. Inserting the expressions of equation into
equation ,

vy C'=d' A"+ N3 B, 08D =o' A+ upB' B, (5.55)
and dividing by o/,

/ /! !/ !
o= a4 22, LS (5.56)
o o o o
we get
A
CR([A][B][C]|D)) = m =CR(ABCD,). (5.57)
Theorem 5.16. Let
CR(ABCD) = A =0 (5.58)
W

denote the cross ratio of the four different basic elements A, B,C and D
according to Definition[5.15, We then have

CR(ABCD) = o CR(AB DC) = 3 (5.59)
CR(AC DB) = - 1 . CR(ACBD)=1-¢ (5.60)
o—1 o
CR(AD BC) = oRrADCB) = (5.61)

g g —

o o—1
CR(BCDA) = T COR(BC AD) = 7 (5.62)
CR(BDAC)=1—0 CR(BDOA) = (5.63)

— 0
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CR(BACD) = é CR(BACD) = o (5.64)
CR(CD AB) = o CR(CD BA) = * (5.65)
o
OMCABD):liU CR(CADB)=1—o (5.66)
o—1 o
CR(CBDA) = CR(CBAD) = —7— (5.67)
g g —
o c—1
CR(DABC) =~ CR(DABC) = 7= (5.68)
CR(DBCA)=1—0 CR(DB AC) = - ! (5.69)
— 0
CR(DC AB) = % CR(DC BA) = o (5.70)

Proof. We will first proof the cross ratios
CR(AB DC), CR(AC DB) and CR(BC DA). (5.71)
CR(AB DC): The switch of the two dividing elements follows directly

from Definition [5.15

v

CR(ABCD)’

CR(AC DB): We have to determine the dividing elements D and B in
terms of the two base elements A and C. From equations (5.52)) we get

CR(ABDC) = (5.72)

oA T
——D=A+—"-ULC and —AB=A—~C. 5.73
= G—n) (>75)
The corresponding cross ratio then is
T 1 1% 1
CR(AC DB) = . <—> =——= 5.74
( ) (A—n) gl p—=A l-o (5.74)

1
~ 1-CR(ABCD)’

CR(BC DA): We have to determine the dividing elements D and A in
terms of the two base elements B and C. From equations (5.52)) we get

g gl 1 v
——D=DB+ C and ——A=B--C. 5.75
Ty ey X & B

The corresponding cross ratio then is
ol )\) A o
CR(BCDA)= ——— | —— | =— = 5.76
( ) WA)( v) A-p o-1 (5.76)
CR(ABCD)

T CR(ABCD) -1’
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With respect to the initial cross ratio CR(AB C'D), the three permuta-
tions of equation generate the remaining 20 permutations.

The generating permutation of equation ([5.72)) leads from the left to the
right side in each of the equations to (5.70).

The generating permutation of equation ([5.74) leads from the left side
of the equations ([5.59| to the left side of the equations (5.60, from the left
side of the equatio to the left side of the equations and from the
left side of the equations back to the left side of the equations (5.59
And similar for the groups of equations (5.62)) to (5.64), (5.65)) to (5.67) and
to (570).

The generating permutation of equation leads from the left side
of the equations (5.59|to the left side of the equations (5.62} from the left side
of the equations (5.62|to the left side of the equations (5.65} from the left side
of the equations (5.65| to the left side of the equations (5.68 and from the left
side of the equations back to the left side of the equations O

The 24 permutations of how the cross ratio for four fixed basic elements
can be formed end up in at maximum six different numbers. In case of the
harmonic cross ratio o = —1, which will be looked at into more detail in the
two examples at the end of this subsection, the six values collapse into three:
-1, % and 2.

Theorem 5.17. The cross ratio of four different basic elements
T, = X + 1Y, i€{1,2,3,4}, (5.77)
of a k-primitive geometric form is given by
()\1M3—M1 /\3>
A2pz—p2As
Mpa—pida)
(A2M4*M2/\4>
Proof. We first compute T3 and T as a function of 77 and T5,
Ty = AsX + psY = Ty + BTs, Ty = MX + psY =Ty + 6T, (5.79)

then by comparison of the coefficients get

CR(T\T» TT)) = (5.78)

o = A2ILL3 — ‘uzA37 /6 = _)\Lug - 'u1>\3a (580)
Agpi1 — praA1 A1 — A1
_ A2fty — [ A4 5— LA — g (5.81)
Agpir — pig A1’ Aofi1 — paAy’ '

and divide in the third step the two equations (5.79)) by « and  respectively,

r-ne@n Qrone(n o

According to Definition the cross ratio is

() _ (aeme)
CR(T\Ty TsTy) = ~—£ = 2rer e (5.83)

3 Aipa—pida )
vy Azpa—p2Ag
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O

Theorem 5.18. In projective geometry P, intersection and connection main-
tain the cross ratio.

Proof. We first confirm the assertion with respect to the operation of con-
nection (A) in the plus approach. By precondition the four basic elements

of a k-primitive geometric form with

~C'=A+ B and 0D =A+ uB (5.85)
can be connected with the basic element Z = (Z);", 1 € N, 0 <1 < n,
Al =ANZ 40, Bi=BAZ#0, (5.86)
Ci=CANZ#0, Dy=DANZ#N0. (5.87)
We then have
~Cy = A1 + 2By 0Dy = Ay + uBy (5.88)
and
CR(ABCD)=CR(A1B1C1D). (5.89)

The assertion of Theorem [5.18| with respect to the operation of inter-
section (V) follows with the major principle of duality (Theorem [5.9). O

FIGURE 1. Two four-points QRPW and Q'R'P'W’
sharing the same harmonic set of points AB C'C;. This
drawing is a copy of Figure 155 from [LE70, p. 159].
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B : /21 ¢l 8\ 4 3
/
/ \
FIGURE 2. Given are the three fixed points A, B, C on the
line g. The four-point QRPW determines the harmonic
point set AB C'C;. The four-point QU RP determines the
harmonic point set BC' AA;. And the four-point QRV P
determines the harmonic point set CA BB;. This drawing
is a copy of Figure 154 from [LE70, p. 158].

Examples.

(A) Harmonic Set AB CC4 of Four Points on a Line
We are working in the projective plane P3. The set of four points
A, B,C,(Cy is said to be harmonic, if and only if there is a complete
four—poinﬁ of which one pair of opposite sides goes through the first
base point A, another pair of opposite sides goes through the second
base point B, the fifth side goes through the dividing point C' and the
sixth side goes through the dividing point C;. Whenever the points
A, B, C are fixed and the points A and B are chosen to be basic points
of the cross ratio, independent of which complete four-point we are us-
ing to construct the fourth harmonic point Cp, the latter will be the
same. Figure [1| provides an example for this fact.
Let us compute the cross ratio of the harmonic point-set AB CCY.
For this we choose

A = Pyo1, B := Py, Q = Pio, (5.90)

13 A four-point in the projective plane is consisting out of four points in general position
plus its six connecting lines. The latter are naturally divided into three pairs of opposite

lines. [LET0) p. 160], [Edw03} p. 50] See also Figure
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P := Pyo1 + Po1o + Pioo-

The point C'is lying on the pencil of points X = a A+ 5B as well as on
the pencil of points X = yQ + JP. We thus get

C=aA+pBB=~vQ+ P a, B,7v,6 € F\ {0} (5.91)

= aPoo1 + BPo10 = vP1oo + 6(FPoor + FPoio + Pioo),
— 0=(a— )P+ (8 —6)Poro— (7 +6)Proo, (5.92)
— a=96, =6 ~y=-4, (5.93)
<~ C~A+ B = Pyy1 + Pyip.- (5.94)

In a similar way one can compute
W >~ B+ Q = FPoio + Pioo, R~ A+ Q= Poo1 + Pioo, (5.95)
Cl ~A—-B= P001 — P010. (596)

With equations [5.90} [5.94] [5.96] and [5.53] we get the cross ratio of the
harmonic point-set to be

CR(ABCCy) = CR(P1ooPo10 (Poo1 + Po1o)(Poor — FPoro)) (5.97)
= —1.
Exchanging the dividing points C' and Cj in the cross ratio leads to
CR(ABC1C) = CR(PiooPoro (Poo1 — Po1o)(Poor + FPoio)) (5.98)
1
= CR(ABCCy)

The Harmonic Point-Sets ABCC,, BC AA; and CA BB,

There are three different harmonic point-sets with respect to three fixed
points A, B, C on a line g. Figure[2] provides an example. Out of A, B,C
we can choose three different pairs of base points. And for each choice
of the base points, the third given point is one of the dividing points.
The second dividing point has to be determined.

As in Example (A), we choose our basis points and the ‘unity’
point according to equation (5.90). The points C, W, R and C; are then
given by equations ([5.94) to . In order to determine the remaining
dividing points A; and Bj, we first compute the points U and V.

U=aB+pQ=~vC+3dR «a,B,7,6 €F\ {0} (5.99)

= aPo10 + BPioo = Y(Poor + Poio) + 6(Poor + Proo),
<~ 0=—(v+ ) Poo1 + (o« —7)Poro + (8 — ) Pioo, (5.100)
— a=v, p=0, y=-9 (5.101)
= Ux~B—Q=Pyo— Pio. (5.102)
V=0adA+pW =~C+0R a, B,7v,0 € F\ {0} (5.103)

= aPyo1 + B(Poro + Proo) = ¥(Poo1r + Poro) + 6(Poor + Proo),

< 0= (a—v—208)Po1 + (B —7)Poro + (8 — ) Pioo, (5.104)
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= a=vy+4, =5, =0, (5.105)
e Ve~ 24+ W = 2Pso1 + Poro + Pioo. (5.106)
With U and V we compute By and A;.
By =0A+ BB =~7Q+ 4§V a,B,v,6 € F\ {0} (5.107)
= aPyo1 + BPy10 = vPioo + 6(2Poo1 + Poro + Pioo),

<~ 0= (a—2)Poo1 + (8 —9)Po1o — (v + 0)Pioo, (5.108)
— a=20, [B=96 ~=-90, (5.109)
= B, ~ 24+ B = 2Py, + Poro. (5.110)
Ay =aA+ BB =~yU+6P a,B,7v,6 € F\ {0} (5.111)

= aPyo1 + BPo10 = 7(FPoio — Proo) + 6(Poor + Poro + Pioo),
< 0= (a—38)Po1 + (B—~—68)Poro + (v — 6)Proo, (5.112)
<~ a=90, [f=~v+6, =9, (5.113)
e By~ A+2B = Po1 + 2P0 (5.114)

The corresponding harmonic cross ratios then are (while fixing the base
point pairs in one position each)

CR(BC AA;) =CR(BC(B—-C)(B+(C)) =—1, (5.115)
CR(CABB,)=CR(CA(C - A)(C+ A)) =-1. (5.116)
Exchanging the dividing points in the cross ratio leads to
CR(BC AA;) =CR(BC(B+C)(B-()) (5.117)
1
" CR(BC AA,) -1
CR(CABB;) =CR(CA(C+ A)(C - A)) (5.118)
1
~ CR(CABB,) -

Using other permutaions of the harmonic point-sets AB CCy, BC AA;
and C'A BB; as the six displayed ones, we would get for the harmonic
cross ratio not only —1, but also 2 and %

6. Projective Geometry. Projective Transformations

Projective transformations are represented by algebra isomorphisms as de-
fined in Section [} Algebra isomorphisms transform elements of projective
geometry P, one-to-one from A,, to A/,.

Theorem 6.1. If, according to Notation [{.23
¢ Ap — Al (6.1)
N — M = §(N)
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represents an algebra isomorphism, then the latter also maps the correspond-
ing classes one-to-one,

[M'] = ¢([N]). (6.2)
Proof. Any multi vector X € A,, of the class [N], i.e.

X e A, X =) &(N) €[N, & € F\ {0}, (6.3)
k=0

is transformed by ¢ to the class [M'],
¢(X) € [M]. (6.4)
And any multi vector Y’ € Al of the class [M'], i.e.

Y e Ay, Y=Y (M) e M), & € F\ {0}, (6.5)
k=0
is transformed by ¢! to the class [N],
¢~ (Y') € [N]. (6.6)
U

Based on Theorem [6.1] it makes sense to define projective transforma-
tions in terms of algebra isomorphisms.

Definition 6.2 (Projective Transformation, Collineation, Correlation, Projec-
tivity). Let ¢ be an algebra isomorphism according to Notation

In the context of projective geometry P, any algebra isomorphism ¢
represents a projective transformation. In case ¢ is an even algebra isomor-
phism, the corresponding projective transformation is also called collineation;
in case ¢ is an odd algebra isomorphism, the corresponding projective trans-
formation is also called correlation. If ¢ is an algebra automorphism, the
corresponding projective transformation is also called projectivity.

In case ¢ is a non-regular algebra homomorphism, i. e. det ¢ = 0, it may
represent a degenerate projective transformation, a degenerate collineation,
a degenerate correlation or a degenerate projectivity respectively.

Definition and Theorem 6.3 (Equivalent Algebra Isomorphisms). With a,
according to Notation given algebra isomorphism

¢ Ap — A (6.7)
X — Y = ¢(X)
also any equivalent algebra isomorphism ¢~ defined by
o~ A, — A (6.8)

n

D Go((X), & eF\{0},  (6.9)

k=0

X = Y =4.(X)
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represents the same projective transformation as ¢ does. ¢~ and ¢ belong to
the same class of algebra isomorphisms,

¢, ¢ € [¢]. (6.10)
Proof. This is a consequence of how geometric elements are defined in pro-
jective geometry P,,. Compare paragraph (Alc) of Definition O
Theorem 6.4. Projective transformations
¢: A, — A (6.11)
X — Y’ = ¢(X)

are one-to-one transformations, maintain incidence and the cross ratio.

Proof. Projective transformations are one-to-one transformations by Defini-
tion They are represented by algebra isomorphisms. Equivalent classes
are transformed by the algebra isomorphisms one-to-one, too.

Two elements [A] and [B] coincide if and only if

(Ae AN(By = 0,
(A)r V(B 0,
Compare paragraph (A2) of Definition Since the exterior products are
maintained by any algebra isomorphism according to Theorem projec-
tive transformations maintain the incidence of elements.
If the four basic elements A, B, C and D of equation form the
cross ratio CR(AB CD) = A/ of equation (5.28)), then also the transformed
basic elements

19(C) = ¢(A) +A¢(B)  and  66(D) = ¢(A) +pe(B)  (6.13)

do so,

} Vk1e{0,1,...,n}. (6.12)

CR(¢(A)o(B) ¢(C)p(D)) = % = CR(ABCD). (6.14)

And with equation (5.32)) we know, it is also true for the involved classes, i. e.
the projective basic elements,

CR([¢(A)][6(B)] [(O)[e(D)]) = % = CR([A][B] [C][D)). (6.15)
O
Theorem 6.5 (Groups of Projectivities). The set P of all projectivities
¢ An o A, (6.16)
X — Y = ¢(X)

forms a group (P, ) with respect to concatenation.
The set P, of all collineations contained in P represents, again with
respect to concatenation, a real subgroup (Peor, ) C (P, ).

Proof. Compare Theorem [4.44] O
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Theorem 6.6 (Fundamental Theorem of Projective Geometry). A projective
transformation according to Definition

b: A, — A, (6.17)
X — Y’ = ¢(X),
is determined by n + 1 pairs of basic elements from P, and P), respectively,
(X;,Y/)), ie{l,2,...,n+1}, neN, (6.18)
with
o(X) = oYY, o; € F\ {0}, (6.19)
In addition, the basic elements
Xi= > By eA,, v/= Y B, en, (6.20)
5(b)=1 5(b)=1
of the sets
X={X,|ie{l,2,...,n+1}, neN}, (6.21)
Y={y/|ie{1,2,....,.n+1}, neN} (6.22)

each are required to be in general position according to Definition [5.13.

Proof. Since the basic elements of the sets X and )’ are in general position,
we can write

n

Xop1 =YX, Y= 6, (6.23)
i=1 i=1

where, according to Theorem all coefficients ¢; or 6; do not vanish. On
the level of 1-vectors, the projective transformation takes on the form

¢(Bp) = Y kbeBy, S(b) = 1. (6.24)
S(c)=1
We want to determine the coefficients of the matrix
K7 := (Kbe)s(b)=1,5(c)=1 (6.25)

which is equal to one of the matrices By, Bt of equation (4.94) or to one of
the matrices 'y, I'7 of equation (4.95) depending on the choice of bases { By, }
and {By}. The first n pairs (X;,Y;) deliver the n? conditions

K2

oX)= > wWeeBL=0] > €9B, (6.26)
5(b) =1 S(c)=1
S(e)=1
or
ST Wkpe =0k, ie{L,2,...,n}, S()=1, (6.27)

S(b)=1
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for the n? coefficients of the matrix K1. The remaining n coefficients o from
the first n equations (6.15) are determined with the last pair (X,41,Y, 1),

n n n

G(Xni1) = Y ad(Xi) = Y oY, = o) Vi = onp1 3 0Y/, (6.28)

i=1 i=1 i=1
with the result
ol =¢€ 00l . (6.29)

O

Examples.

(E1) Construction of a point-wise conic section in the planar field P3 through
a projective transformation from a pencil of lines A to a pencil of lines B

Let the points A, B, C and D of the planar field P3 in the plus approach
be in general position, i.e.

ANBAC #0, BACAD#0, (6.30)
CADAAZH#O, DAANB #0. (6.31)

The three connecting lines through the points A or B respectively are
denoted by

a:=—ANC b:=—BAC c:=AANB (6.32)
da:=AND dg:==BAD (6.33)

The line d4 belongs to the pencil of lines A, the line dg belongs to the
pencil of lines B. We can thus choose

da=a+c dp=b+ec (6.34)

According to the Fundamental Theorem[6.6] a projective transformation
from the pencil of lines A to the pencil of lines B

IM: Ay C AT — Ay C Ay (6.35)
A: z=Xa+ pc — B: y=I(z)
= MI(a) + pII(c)

is given by three pairs, e. g.

(a,II(a)) with II(a) = 01 - ¢, (6.36)
(¢,TI(c)) with II(c) = b (6.37)
(da,TI(da)) with II(da) = o3 - dp. (6.38)
From equations to we get
(da) =T(a) + TI(c) = o1 ¢+ 02 b = o3dp = o3(b + ) (6.39)

and, thus, with
01 =092 =03 (640)
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the projective transformation IT
II: Ay CAF - Ay C AF (6.41)
A: z=Xa+ pc — B: y=1I(z) = g3(Ac+ ub).

Since the pencils of lines A and B both belong to the planar field
A7, corresponding lines x and II(z) meet in the point

X =adA+ BB +~C (6.42)
with
0=x2AX and 0=TI(z) A X. (6.43)
In case of A, uu # 0 the conditions of the equations (6.43]),

0=Ma+puc) N\(@A+BB+~C)=A3-aANB+uy-cNC (6.44)
= (=AB+uy) ANBAC,

0= (ub+ M)A (@A+BB+~C)=pa-bANA+Ay-cANC (6.45)
= (—pa+A\y)AANBAC,
lead to
o= and g="E (6.46)

and, provided that v # 0, to the parametrisation of second order for the
point-wise conic section

X:aA+6B+vC:%7A+§yB+VC (6.47)

~ NA+ 2B+ M\uC.

In case of v = 0, the points X = aA + 8B # 0 would belong to the
line ¢. The line ¢ intersects the constructed conic section in the points A
and B. The parametrisation of the point-wise conic section in equation
yields point A in case the parameters take on the values A # 0
and g = 0 and point B in case the parameters take on the values A =0
and p # 0. This is why the parametrisation of the point-wise conic
section in equation holds for all values of A and p.

Since point D is laying by precondition on the lines d4 = a + ¢
and the lines dg = b + ¢, we have

D=A+B+C with A=p=1. (6.48)

with
Each position of line x in the pencil of lines A determines one
and only one point X. The set of all points X forms a point-wise conic
section in the planar field A;r, which is touching line a in point A, which
is touching line b in point B, and to which the point D is belonging.
We summarise the result in
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Theorem 6.7 (Point-wise Conics in the Planar Field P3). If the four
points

A, B, C and D (6.49)

of the planar field P3 are in general position and if the three sides of the
triangle ABC' are denoted as follows

a=ANC, b=—-BAC, c=ANB, (6.50)

then the point-wise comic section, which is touching line a in point A,
which is touching line b in point B, and to which the point D is belonging
with the parameters X = u = 1, is described by the parametrisation of
second order

X\ p) = A+ B+ ucC. (6.51)
Proof. See Example (E1) above. O
(E2) The tangents of a point-wise conic section in the planar field P3

Theorem 6.8 (Tangents to a Parametrised Point-wise Curve in P,,). Let

X: F — ALT (6.52)
t — X(¢)

represent a point-wise curve in P, depending on the parameter t. If the
curve X (t) is differentiable with respect to t, then

z: F — AT (6.53)

t — x(t) = X(t) A o

describes the tangent x(t) in the point X (t) to the point-wise curve of
equation .
Proof.
xz(t) = lim [X(t) A X (¢t + At)] (6.54)
At—0
X(t) N (X(t+At) - X(1))
At
(X(t+ At) — X(¢))
At

=X(t) A lim {
At—0

:X(t)A%t(t)

O

In order to find the tangents to the point-wise conic section of
Theorem [6.7, we apply Theorem to the parametrisation of the conic
section in equation Fix the parameter p to a non-zero value and
take A\ as the varying parameter.

dX (A p)

oA p) = XA ) A —r

(6.55)
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=(NVA+ B+ MC)ARCANA+uC)
= —2 e+ 2\ na — Npa + 1°b)
~ Na+ p?b+2\uc

Equation (6.55)) is also valid in the case p = 0 and X\ # 0, since it deliv-
ers the tangent a for the point A.

(E3) Construction of a line-wise conic section in the planar field P; through a
projective transformation from a pencil of points a to a pencil of points b

Theorem 6.9 (Line-wise Conics in the Planar Field Ps). If the four lines
a, b, c and d (6.56)

of the planar field Ps are in general position and if the three corners of
the triangle abc are denoted as follows

A=aVe, B=-bVe, C=aVb, (6.57)
then the line-wise conic section, which touches the point of tangency A
with the line a, which touches the point of tangency B with the line b,

and to which the line d is belonging with the parameters A = p =1, is
described by the parametrisation of second order

x(\p) = Na+ 2 b+ M. (6.58)

Proof. Apply the major principle of duality of Theorem [5.9]to Theorem
6.7 O

The underlying projective transformation ® from the pencil of
points a to the pencil of points b is

O: Ay C A s ALCAS (6.59)
a: X=X A+puC —  b: Y =90(X)=03(AC+ puB).

(E4) The points of tangency of a line-wise conic section in the planar field

Ps
Theorem 6.10 (Points of Tangency to a Parametrised Plane-wise Curve
in P,). Let

X: F — AL (6.60)

t — X(t)
represent a plane-wise curve in P, depending on the parameter t. If the
curve X (t) is differentiable with respect to t, then
r: F — A2~ (6.61)
dX(t)
dt

describes the instantaneous axis of rotation x(t) of the plane X (t) along
the plane-wise curve of equation .

t — x(t) = X(t)V
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Proof. Apply the major principle of duality of Theorem to Theorem
6.3 [l

In order to find the points of tangency to the line-wise conic section
of Theorem[6.9] we apply Theorem [6.10] adjusted to the field Ps. In this
case X(t) € A3~ represents a line-wise curve in the field P, i. e. the
parametrisation of the conic section in equation And
dX (t)

dt

describes the curve of instantaneous points of tangency. Again, we fix the

parameter p to a non-zero value and take \ as the varying parameter.

dX (A, )

dA

= (Na+p?b+Mpc)V (2ha+ pe)
=—(2A\C +2V°p A — Np A+ 1°B)
~ NA+p®B+22uC

Equation ((6.63)) is also valid in the case = 0 and X\ # 0, since it deliv-

ers the point of tangency A for the line a.

2(t) = X(t) V

(6.62)

(A p) =X\ p) Vv (6.63)

7. Projective Geometry. Quadrics and Orthonormal Bases

In Section we will do the transition from exterior double algebra A, (+, -, A,
V) to Clifford double algebra T',,(+,-,A,V, ,x*). Clifford double algebra T,
will, in addition to the properties of projective algebra, carry the imprint of
a Clifford algebra twice.

As a preparation, we review and provide in this section the concepts
of polarities, quadratic and bilinear forms, quadrics, and orthonormal bases
in the context of projective geometry P,,. In addition, we introduce, what a
pair of naturally associated — non-degenerate and degenerate — polarities
is. We define harmonic orthonormal systems of bases and list the quadrics in
Py, P3 as well as in Py.

7.1. Polarities

Definition 7.1 (Polarities). In projective geometry P, the odd algebra endo-
morphisms

T A, — An (7.1)
X Y = #(X)
or
p: A, A, (7.2)



Projective Geometry with Projective Algebra 87

represent, eventually degenerate, correlations. Compare Definition [6.2} These
correlations become polarities, if the non-vanishing parts of their correspond-
ing transformations, applied twice, are projective identity mappings.

In the non-degenerate case, the transformations and then
have to fulfill the conditions

#2(X) = ex X VX eAFand ke {0,1,...,n}, (7.3)
P2(X)=e X VX eArand k€ {0,1,...,n} (7.4)
with
ek, € F\ {0} (7.5)
and in the cases of k = 0 and k = n we get
% % = ey = (\ldet#), 2 = (u"ldetp)?.  (7.6)
The defining conditions for the degenerate polarities are
#2(X)=0 ¥V X € NOt .= AT, (7.7)
P(X)=0 VX €N =M, (7.8)
#2(X)=0 VX eN cARr ke{1,... n—-1}, (7.9)
72(X) = ep X VX c U c AR g, €T\ {0}, (7.10)
P(X)=0 VXeN-cA ke{l,...,n-1}, (7.11)
(X)) = X VX eUr cAf & eF\ {0}, (7.12)
#2(X)=0 VX eNIT =A"T, (7.13)
P(X)=0 VXeEN =A"" (7.14)
with the sub vector spaces N¥ and UF satisfying
NEaUF = AL, (7.15)

dimN* + dimU* = dimA*, 1< dim N* < dim A® = (Z) (7.16)

The conditions for the degenerate polarities of equations (7.7)) to (7.14) read
in a shorter and more compact version as follows,

P X)=erX VXeUFrcAMr, ke{1,...,n—1}, (7.17)
(X)) =0 VXNt cAM kefo1,....,n—1,n}, (7.18)
PX)=¢e,X VXeUrcA~ kefl,...,n—1}, (7.19)
P(X)=0 VX eN—cAR kefo1,...,n—1,n}.  (7.20)

The matrices By of the algebra homomorphism # and the matrices Ix
of the algebra homomorphism p — compare Notation [£.16]— need to satisfy
certain conditions, if they should represent polarities. As we will see in the fol-
lowing Theorem these matrices are either symmetric or skew-symmetric
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in the non-degenerate cases. The same is true for the non-degenerate parts
of the degenerate polarities. In detail we have

Theorem 7.2 (Matrix of a Polarity). The algebra endomorphisms 7 or p
represent non-degenerate polamtzes in the sense of Definition[7.), if and only
if the corresponding matrices ﬁ or Ek satisfy the conditions

(—1)k=k) B cof (By) = e Liny, (7.21)
(71)k(ﬂ7k)ﬁgcof(ﬁg) =¢l ]1(;) (7.22)
Bi = (—1)k=k) An_;’z = B, (7.23)

BF — (Cq)knb) n—;:%iet,é I, (7.24)

B = (-1)’“%’6% cof (By), (7.25)
ﬁ;:@4www¥mm@. (7.26)

respectively for all k € {0,1,...,n}. In addition we have
=+ A" ?det 7, gl = £ p" " det p, (7.27)

which means, the matrices BE and EE are either symmetric or skew-symmetric.
In case of a degenerate polarity « with det® = 0 or p with det p = 0 we
get for all k € {0,1,...,n} respectively,

(—1)* P B cof(Br)X =0 V X € Nit, (7.28)
(—)M" P Breof (Bp) X =exX ¥ X € UL, (7.29)
(—1)F =P cof(Iz) =0 ¥V X € NF~, (7.30)
(D)=l cof(Iy) =, XV X € Uk~ (7.31)

The non-vanishing part of the matriz BE or the matrix EE is either symmetric
or skew-symmetric and with it the whole matriz, too.

Proof. Let X = S(b)=k b Pp be a homogeneous multi vector of grade k in
the plus approach. We then have in case of a polarity from the plus to the
minus approach 7,

S i (Po)= > pnfoei(Ee) (7.32)
S(b)=k S(b) =
S(c) =k

= Z acE,U/bBbc 7?‘—(PE) - Z aCE/*LbBbCBEH E
S(b) =k S(b
S(c) =k S(c

S(d

I
>
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= Z acEaHdﬂbBchEH Py

S(b) =k
S(c) =k
S(d) =k
= (‘ka_k) Z NbBbc (aEcaEdBEE) Py
S(b) =k
S(c) =k
S(d) = k
= (_1)k(n—k) Z MbBbc (COf<BE)) de
S(b) = k ¢
S(c) =k
S(d) = k

1[0, in case det# =0 and X € Nit,
| exX, otherwise,

if and only if equations ([7.21)), (7.28]) and (7.29)) are true.

89

Let X = Zs(b):k vp By be a homogeneous multi vector of grade k in
the minus approach. We then have in case of a polarity from the minus to

the plus approach p,

PA(X) = Z vp p*(Ep) = Z Vbibe A(Fe)
S(b)=k S(b) = k
S(c) =k
= Z O%cVbYbe ﬁ(EE) = Z aEchﬁ/bcﬁ/Ea PE
S(b) = k S(b) = k
S(c) =k S(c) =k
S(d) = k

= § aEcadHVb’Achﬁ/EH Eq

S(b) = k
S(c) =k
S(d) = k
- (71)k(n7k) Z Vb'Ach(aEcaad:YEa)Ed
S(b) = k
S(e) =k
5(d) = k
= (=DM 3 e (cof(Bp)) | Fa
S(b) = k N
S(e) =k
5(d) = k

1|0, in case detp=0and X € N},
| &, X, otherwise,

if and only if equations (7.22)), (7.30) and (7.31)) are true.

The equations ([7.23)) to (7.26) follow from equations (7.21])
respectively. The equations (|7.27)) are a consequence of equations

(7.24) respectively.

(7.33)

nd (7-22)
7.23) and
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On the bases of equations ([7.23)), (7.24) and (7.27) we may conclude

the non-degenerate matrices By and 'z to be either symmetric or skew-
symmetric.

On the bases of equations and , the equations and
@b are true too in case of degenerate matrices BE and ﬁg for all X € U,}f.
The conditions ofAequatiorAls and determine the remaining parts

of the matrices By and I';; to be null sub matrices. Thus, altogether, the

degenerate matrices By and ﬁg are either symmetric or skew-symmetric,
too. (]

Definition 7.3 (Null Polarities, Non-Null Polarities). Polarities 7gkew and
Pskew With a skew-symmetric matrix with respect to the 1-vectors,

Asqftew(XT) = _ﬁskeW(XT% ﬁg;(ew(XT) = _[)skew(XT) v X € A'}u (734)

are called null polarities. Polarities gym and psym with a symmetric matrix
with respect to the 1-vectors,

Troym (XT) = Faym(X7),  Plym(X7) = hoym(X7) YV X7€A,,  (7.35)

sym
are called non-null polarities or just polarities.

Corollary 7.4. A null polarity Tskew OT Pskew Maps l-elements of the plus
or minus approach to 1-elements of the minus or plus approach respectively.

In case of null polarities from the plus to the minus approach ﬁskew, the 1-
element Xir coincides with its corresponding 1-element wskew( ) for all

+ 1
X7 € AnJr

X A\ Wskew(Xl )
X \/Wikew(X )

0, vV XTeAr, (7.36)
=0. (7.37)

H\|.—AH

The same st true for polarities from the minus to the plus approach pskew,

Pskew(XT)T V XT =0, VX7 e, (7.38)
pskeW(XT_)%_ A XT =0. (739)
Proof.
X A frew (X7 = D MoPo | A Z AeBeaEa (7.40)
S(b)=1

()
( )

=1 D MAfe | T

S(b)=1
S(c)=1




XTJF \ 7Arskew()(lL)%

Pskew(X7)T V XD
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= Z A2 Bob + Z AbAe(Beb + Boe) | T
S(b)=1 S(b) =1
S(c)=1
b<c
=0,
D= D B V| D> AcBeaFa (7.41)
5(b)=1 S(c) =1
5(d) =1
= Z /\b/\chb 1~
S(b) =1
S(c) =
= Z AR Bob + Z AbAe(Beb + Bpe) | T7
5(b)=1 5(b) =1
S(e)=1
b<c
= > pefeaPa | V[ Y. B (7.42)
S(e) =1 5(b)=1
S(d) =
- Z ILLbILLC;be I
5(b) =1
S(e)=1
= > wAst D mbie(Yeb +dbe) | T
S(b)=1 S(b) =1
S(c) =1
b<c
=0
IAXD =] Y ncAeaPa | A DD mBb (7.43)

S(b)=1
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= Z HblcYeb It
S(b)=1
S(c)=1

=| > mAwst D bpe(Feb +Abe) | T

S(b)=1 S(b) =1
S(c) =1
b<c

:0’
g

For the remainder of this article we do not use the notation any more
introduced for null and non-null polarities in Definition We skip the
indices skew and sym, since out of the context it will be clear, whether the
odd algebra endomorphisms 7 and p refer to null, to non-null polarities or to
both.

7.2. Quadratic and Bilinear Forms with Respect to Polarities
We are going to define quadratic and bilinear forms in this subsection with
respect to a generic pair of non-null polarities p = (7, p).

Definition and Theorem 7.5 (Quadratic and Bilinear Forms with Respect to
a Pair of Polarities). Let 7 be a generic non-null polarity from the plus to the
minus approach and let p be a generic non-null polarity from the minus to the
plus approach. Then with respect to the pair (7, p) we define the quadratic
and bilinear forms as follows: In the plus approach, the quadratic forms by

QEF . AFF F (7.44)

—
Xz = Z b Py — Q?(XE)
S(b)=k

for k € {0,1,...,n} with
pBobinZt,  S(b)=k=0
QM(XPZT =4 XzV#a(Xz), 0<Sb)=k<n (7.45)
NI/ Sb)=k=n

= > iwBoepe | 2T
S(b) = k
S(c) =k

in the minus approach, the quadratic forms by

Qy Ay — F (7.46)
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Xz= > By — Qb (Xp)
S(b)=k
for k € {0,1,...,n} with
I/bﬁbbubZ*, S(b) =k=0
QY (Xp)Z™ == XpAp(Xp), 0<Sb)=k<n (7.47)
Vb YbbVb L, S(b)=k=n

= (fl)k(”fk) g UpYbele | 275
S(b) =k
S(e) =k

in the plus approach, the symmetric bilinear forms are defined by

BEF . AFT x AT — F (7.48)
(X7 V%) — B (X5 Yp)
for Xz = > gk b Loy Y5 = D)=k Vele and k € {0, 1,...,n} with
HbBbebZ+7 S(b) =k=0
BIY(Xp Y Z' = 3(XpVa(Yy) + Y5 VA(Xy), 0<S(b)=Fk<n
NGRS 7Y A Sb)=k=n
1 A R
=5 2 m(Boether)re | Z* (7.49)
S(b) = k
S(c) =k

and in the minus approach by

BE o AR x AL — F (7.50)
(X7, Yz) — By~ (X3, V)
for Xz = 3" gpy—k (o By Y = Yg(e)=k EeBe and k € {0,1,...,n} with
. (bYbbébZ ™, Sb)=k=0
BY (Xp, YR)Zm =4 S(XpAp(Yp) + Y Ap(XE), 0<S(b)=k<n
CbYbbébZ™, Sb)=k=n
1 X R _
= 5(_1>k(n—k) Z Cb('ch + 'ch)gc /i (751)
S(b) =k
S(e) =k

The quadratic and bilinear forms are related by

BE(Xg, V) = 5 (Q5(Xe + ) — @5(Xp) — Q5(¥5) (7.52)
Qk(Xy) = BN (X7, X7), (7.53)

p
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where we are using the letter p as index for the pair p = (7, p), since the
equations (|7.52)) and (7.53]) hold in the plus and in the minus approach. In
the plus approach we have p = 7, in the minus approach p = 4.

Proof. For S(b) = S(c) =k with 0 < k < n we have

PoV#t(Pe) = agu BV | D) BeaBa | = afpfebl” = fenZ”,  (7.54)
S(d)=k

By Ap(Ee) = apgPy A | Y AcaPa | = appappienl” (7.55)
S(d)=k
— (_1)k(n k),ycbzf

Using the expressions of equations (7.54]) and (7.55|) in the defining equations

(7-48), (7.47), (7-49) and (7.51)), we confirm the latter to be correct.

The forms Q are quadratic, i. e. Qk()\X) = AQQ’“( ), and the bilinear
forms Bk are symmetric and bilinear by definition. Equations 1) and
O

- follow directly.

Corollary 7.6. Let a generic non-null polarity from the plus to the minus ap-
proach T and a generic non-null polarity from the minus to the plus approach
p form a pair of polarities p = (7, p). Then its quadratic forms Q’; and its
bilinear forms B;j evaluate on the bases vectors as follows,

QX (Py) = Bob, S(b) =k, (7.56)
Q4™ (Ey) = (— YRR (7.57)
BEF(Py, o) = 5 (Bue + v Se)=k,  (7.58)
Blf_(ElhE ) = %(71)]6(”‘716) (:ch + ’Ach) . (759)

Proof. Insert the bases vectors into equations ([7.45)), (7.47)), (7.49) and -
of Definition and Theorem [T.5l

7.3. Quadrics

As it is well known, quadrics may be defined in terms of quadratic forms. We
will repreat this definition here for the two approaches to projective algebra
A

Definition 7.7 (Quadrics of Non-Null Polarities). Let 7 be a generic non-null
polarity from the plus to the minus approach and let p be a generic non-null
polarity from the minus to the plus approach. Its quadratic forms Q%+ are
given by Definition and Theorem [7.5] Then the set of k-vectors

oFE = {X e AFF | QF*(X) =0} (7.60)

is called (k+)-quadric of the polarity o or p respectwely, or simply (k+)-
quadric. In case the polarity 7 or p is degenerate, the respective (k+)-quadric
is called degenerate; otherwise non-degenerate.
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If from the context it is clear, which approach is addressed, the plus mi-
nus notation can be omitted. We then speak, for example, of a non-degenerate
k-quadric or a pair of two k-quadrics.

The different grades k of the k-quadrics Q’;i may be summarized in one
single expression Q:E.

Please note, for a generic pair of polarities (7, p), in general, we get two
different quadrics Q; and pr.

7.4. Orthonormal Bases

We rephrase here the definition of an orthogonal or orthonormal basis of
a vector space V with respect to a given, eventually degenerate, quadratic
form @ as well as the theorems constructing them. See e.g. Definition 2.3
and Theorems 2.2 to 2.5 in [LS16) pp. §].

Definition 7.8 (Orthogonal and Orthonormal Basis). Let V' be any vector
space over the field F (with charF # 2) of finite dimension dimV = n
equipped with a basis {By, Ba, ..., B,} and an, eventually degenerate, qua-
dratic form () as well as a bilinear form B. The quadratic form () and the
bilinear form B are related to each other according to the equations
and .
The vectors By, k € {1,2,...,n} form an orthonormal basis of the
vector space V, if and only if the two following conditions hold:
(a) B(Bj,Br) =0, Vj#kwithjke{l,2,...,n},
(b) Q(By) €{0,1,-1} CF, VB withke{l,2,...,n}.
If the basis vectors By, satisfy only condition (a), the basis of V is called
orthogonal.

Theorem 7.9 (Existence of an Orthogonal Basis). Let F be a field with char F #
2 and let V' be a vector space over the field F of finite dimension dimV =n
equipped with an, eventually degenerate, quadratic form @Q as well as a bilin-
ear form B.

There exists an orthogonal basis {B1, Ba, ..., By} in V with respect to
the bilinear form B.

Proof. Compare Theorem 2.2 and its proof in [LS16, p. §]. O

Definition 7.10 (Spin Field F). A field F is called spin field, if and only if for
any 77 € F\ {0} there is a A € F with

A2y = 1. (7.61)
The real numbers R and the complex numbers C are spin fields.

Theorem 7.11 (Existence of an Orthonormal Basis). Let F be a field with
charF # 2 and let V be a vector space over the field F of finite dimension
dimV = n equipped with an, eventually degenerate, quadratic form @ as well
as a bilinear form B.

If F is a spin field, there exists an orthonormal basis {B1, B2, ..., B,}
i V with respect to the, eventually degenerate, quadratic form Q. In case of
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F = C, the condition (b) of Definition[7.§ can be restricted to Q(By) € {0,1}
forallk € {1,2,...,n}.

Proof. Compare Theorem 2.4, Theorem 2.5 and the corresponding proofs in
[LS16l pp. 9]. O

Definition and Theorem 7.12 (Silvester’s Law of Interia, Signature). Let F
be a spin field with charF # 2 and let V' be a vector space over the field
F of finite dimension dim V' = n equipped with an, eventually degenerate,
quadratic form () as well as a bilinear form B.

Every orthonormal basis {B1, Ba, ..., B, } in V with respect to a, even-
tually degenerate, quadratic form () contains the same number s of ba-
sis members with Q(Bjy) = 1, the same number ¢ of basis members with
Q(By) = —1 and the same number u of basis members with Q(By) = 0 while
s+t+u=n.

In case of F = C, according to Theorem [7.11} the number ¢ can be put
to be always zero, t = 0.

The triple
number of basis members By with
Si=(s,t s = QB =1 7.62
R P A T2
u — Q(Bk)zo

is called the signature of the pair vector space V equipped with the quadratic
form Q.

Proof. Compare Theorem 2.4, Theorem 2.5 and the corresponding proofs in
[LS16l pp. 9]. O

Given two generic non-null polarities 7 and p, there are now two different
quadratic forms Q}f and Qllf for one and the same vector space A,(+,-),
i.e. there are also two different signatures ST = (s*,tT,u™) and S~ =
(s7,t~,u”). As a consequence, we may represent the generic non-null polarity
7 with respect to an orthonormal basis {P,} C A,, and the generic non-null
polarity p with respect to an orthonormal basis {E[} C A,, where with
respect to the system of bases {Py}, {Fbn} C A,, with respect to the system
of bases {P.},{EL} C A,, but not necessarily with respect to the system
of bases {Pp},{E},} C A, we have an harmonic model of A,, according to
Definition {26

Corollary 7.13. Let b be a binary number with 0 < S(b) = k < n and let a
generic non-null polarity from the plus to the minus approach
T Ay, — A, (7.63)
By — T(Pp) = Z BbeEe
S(c)=k
and a generic non-null polarity from the minus to the plus approach

p: Ay, — A, (7.64)
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B, — PE) = Y Abel
S(c)=k
form a pair of polarities (7, p). Then with Definition and Theorem there
is an orthonormal basis {Pp} C A,

Q}f(Plu) = 77;, S(u) =mn, 1<1<n, (7.65)
with signature ST = (s*,t+,ut), i.e.
=1 1<i<sh,
=1, stH1<i<st 4+t (7.66)
n;: , s++t++1§l§s++t++u+:n,

and an orthonormal basis {E} C Ay,

Qp (Ely) =y S(u) =n, 1<1<n, (7.67)
with signature S~ = (s7,t7,u™), i. e.
Nu =1 1<1<s™,
Nu=—1 sTH1I<I<s™ +17, (7.68)
77;120, sT+HtT +1<I<s  +t" +u =n

With respect to the orthonormal basis {Pp} C A, the matriz B of #,
cf. equation , takes on the form

o 1 — dodet # .

Bpp = % in case S(b) =0, (7.69)

) k

Bpe = AF 71 (H n;’{)) Obe, in case 1 < S(b) =k < n, (7.70)
=1

and with respect to the orthonormal basis {E{} C A, the matriz r of p, cf.
equation (4.99 (u) takes on the form

1 — d0det
Abb = %7 in case S(b) =0, (7.71)

k
Abe = (—1)’“("*1)/1’“’1 (H ’71_b> dpe incase 1 <S(b)=k<n. (7.72)

I=1
Proof. For the cases S(b) = 0 in equations (|7.67) and (7.69) see the two

expressions of equation (4.232)) of Definition and Theorem [4.33] For S(b) =
we get with Corollary

Q%(Pb) = Bob =0y, (7.73)

3 (L) = (D" A, = (1) (=) s =g (T.74)
Bl*(Pb, o) = Bbe =B =0,  b#c, (7.75)
Bl (B, B = (=1 DApe = (=1)" Ve, = 0, b#c.  (7.76)
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For 1 < S(b) = k < n we get

k k
ﬂbc _ )\kfl ZSignJHﬁzba(l)c = )\k*l <H 77?{)) Obe (777)
o =1

=1

k k
Ape = (k1 ZSign(’H%bamc = (=1)kr=1) k1 (H ﬂlb> dbe (7.78)
o =1 =1
Compare equations (4.83) and (4.87)) of Definition and Theorem d

Since, occasionally, we are using two signatures for on vector space, we
need to extend the notation for the signature of a vector space.

Notation 7.14 (Vector Space V with One Signature S or with Two Signatures
St and S7). In order to indicate the signature of a vector space V equipped
with one quadratic form @, the latter is denoted by Vs or by V(s ;.) or
shorter by Vi ¢ 4.

In case the vector space V is equipped with two quadratic forms Q* and
@, the latter is denoted by Vs+.s- or by V(g+ s+ ut)+ys— ¢~ ,u—)- Or shorter
by ‘Q*,t*,u*;s*,t*,u* .

7.5. Pairs of Naturally Associated Polarities

So far the two non-null polarities of the pair (7, p) were arbitrary. Let us now
look at pairs of non-null polarities (7, p), where both polarities are in the
first step non-degenerate and, in addition, represent one and the same trans-
formation according to Theorem [£:39]We call these pairs of non-degenerate
non-null polarities (7, p) naturally associated.

What kind of pairs (7, p) can we choose to be naturally associated,
in case the polarities 7 and p both are degenerate? Using the principle of
continuity and following FELIX KLEIN’s ideas about the transitions between
the different types of quadrics [Kle28, Kapitel II, §6, pp. 80-93], we look
at limits of naturally associated pairs of non-degenerate polarities, which
degenerate in the limit. This shall be our preliminary approach to degenerate
naturally associated pairs of polarities (7, p).

Definition 7.15 (Pairs of Naturally Associated Polarities. Prelliminary Ver-
sion). Two non-vanishing but otherwise generic non-null polarities # and
p according to Definition form a pair of naturally associated polarities
(7, p), if and only if
(D1) in case one of the two polarities is non-degenerate, then both polari-
ties 7 and p are non-degenerate and represent the same transformation
according to Theorem [4.39; or
(D2) in case one of the two polarities is degenerate, then 7 and p both are
degenerate and there exists a limit in the following way:
(E1) If the degenerate polarity 7 is given (including a fixed A, i.e. A =1
or A = —1), represent 7 with respect to an orthonormal basis
{Po} C A, with signature

St = (st tT,u"), 1<u’ <n, (7.79)
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1. €.
Qi (Pu)=Bum=nk,  Sw=n, 1<i<n,  (7.80)
with
nj{l:l, 1§l§s+,
Na=-1 sT+1<1<sT+tF, (7.81)
nju:o, sttt +1<i<st+tT +ut =n.

Else represent the degenerate polarity p (including a fixed p, i.e.
w=1or u=—1), with respect to an orthonormal basis {Ep} C A,
with signature

S =(s",t7,u), 1<u™ <n, (7.82)
1. €.
Q; (Bu)=n%,  Su)=n, 1<I<n, (7.83)
with
Nu=1 1<i<s,
Na=-1 s +1<I<s 417, (7.84)

77;1:0, sTHEtTH1I<I<s 4+t T+u =n.

In the first case complement the basis {P,} by a basis {Ep}, in
the second case complement the basis {Ep} by a basis { P}, such
that the system of bases { Py}, {Eb} C Ay, is forming an harmonic
model of A,,.

In case the degenerate polarity 7 is given, choose a polarity 7,
depending on the parameter t € R such, that with respect to 7;
{Pv} becomes an orthogonal basis with the quadratic form

Qi (Pu) =B =07 (7.85)

nh=1 1<1<sh,

77;:*17 sTH1<I<st 4+t

—t, stHtt +1<I<st +t +mf,
t, n—m;—&—lglgm

+ ot +
L4 n 0<mi,myg <u™,
u’ =mq +my, N

7.86
my,m3 € Ny. (7.86)

By construction, the polarity 7; is non-degenerate for ¢ # 0 and
we have

lim 7, = 7. (7.87)

t—0
Now complement the polarity 7, by its naturally associated po-
larity p;. The pair (7, p;) then consists of two non-degenerate
naturally associated polarities for all ¢ # 0. (With det@; and
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A€ {1,—1} also p € {1,—1} is determined, compare equations

(4.281]), left expression.)

The naturally associated polarity to 7 is defined by

P(Ep) =0, S(b) =0,
o) o=ty (26 ). Sby=1,  (789)
MAV B) = - p(A) A p(B) VA BeA,.

(E3) In case the degenerate polarity p is given, choose a polarity p;
depending on the parameter ¢ € R such, that with respect to p,
{Ewb} becomes an orthogonal basis with the quadratic form

Q5 (Bu) = (1" 190, =07 (7.89)

77;1:1> 1<li<s™,
77:11:_17 sTH1IL<I<s +1t7,

—t, sTHtTH1<I<sT +t7 +m,
t, n—my +1<1<n,
0<m;,m;, <u-,
uT =my +my, I (7.90)
mi,my € Np.

By construction, the polarity p; is non-degenerate for ¢ # 0 and
we have

}1_1}(1) Pt = p. (7.91)

Now complement the polarity p; by its naturally associated po-
larity 7;. The pair (74, p¢) then consists of two non-degenerate
naturally associated polarities for all ¢ # 0. (With detp; and
w € {1,—1} also A € {1,—1} is determined, compare equations
(4.281)), middle expression.)

The naturally associated polarity to p is defined by

ﬁ'(Pb) = 0, S(b) = O,
#(Pp) = lim (Z;(]i bl))> , S(b) =1, (7.92)
#(AAB) = X-#(A) V#(B) VY A BeA,.

In the next two subsections we study the quadratic and bilinear forms of
naturally associated polarities. In addition, we address the question, whether
both systems of bases {Py}, {Fb} C A, of an harmonic model of A,, can be
orthonormal at the same time.

7.6. Pairs of Polarities Representing a Non-Degenerate Quadric

This subsection deals with pairs (7, p) of naturally associated polarities,
which are non-degenerate only.
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In these cases, the two quadrics Q:{ and Q;, belonging to the pair

of polarities (7,p), coincide, Q% = Qg”fk)Jr

. The pair of polarities then

represents the different grades k of one non-degenerate quadric. This is a

consequence of

Theorem 7.16. Let 7 and p form a pair of non-degenerate naturally associ-
ated polarities (7, p), where T and p represent the same transformation in the
sense of Theorem[[.39 The quadratic and bilinear forms then are the same

in both approaches,

QM (x) =@ " (Xx) ¥ X € ARY,
Qb (x) = Q"M (X) VX e AP
BEY(X,Y) = By (X,Y) ¥ X,V € AR,
BE(X,Y) =By (X,Y) VX,Y € Ak,

Proof. With the equations

Aﬁ+9X: Z ,ube: Z Ong,LLbEg

S(b)=k S(b)=k
L Z veEe € A%”_k)_ — Ve = Qcelle,
S(c)=n—k
Aﬁ_ > X = Z By = Z abgl/ng
S(b)=k S(b)=k
= Y P € APTPY = e = s
S(c)=n—k

(7.97)

(7.98)

we get for all X =3 g4y tnlb € Ak* for all d = b and for all e = € with

S(c) =k, S(d)=n—k and S(e)=n—k

Q?jr (X) = Z NlebcMc = Z ,Uzbagb’?géacéﬂc
S(b) =k S(b) =k
S(e) =k S(e) =k

= Z Nﬁadaﬁ/de Ugelle

S(d)=n—-k
Se)=n—k
= (_1)16(”716) Z N’Hada’?deaeEME
Sd)=n—k
Se)=n—k
= (_1)k(n—k) Z VaYdeVe = Qénik)i(X)a
Sd)=n—k

Se)=n—k

(7.99)
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for all X = ZS(b):k vEy, € AF~ for all d = b and for all e = € with
S(c)=k,S(d)=n—kand S(e)=n—k

Q];_(X) = (_1)k(n7k) E UbYbele (7100)
S(b) = k
S(c) =k

= (~1)Fh Z Vb0 patieere
(b)

()

= (_1)k(n—k) Z VHaHdBdeaeEVE

S(d)=n—-k
S(e)=n—k
= Z Vaaadﬁdeaéeyé = Z MdBde/ffe
Sd)y=n—-k Sd)=n-—k
Se)=n—k Se)=n—k

= Q7 M),
for all X = ZS(b):k Py € AFt and for all Y = ES(b):k vp Py € AET

BN (X,Y) =5 L@ (X +Y) - QEF (X) - @ () (7.101)
= (@ ) - Q) - @)
=B""M(x)Y)

and for all X =3 g,y ppFEp € AF~ and for all Y = 2_5(b)=k Vb Eb € AF-
_ 1 - _ _
Bi(X,Y) = 5 (@b (X +Y) - Q5= () - Q4™ (v)) (7.102)

= 2 QU ) - QU ) - QU ()
= B (XY).

Thus, equations ([7.93), (7.94)), (7.95) and (7.96]) are true. O

The relations of the following Lemma will be used further on.

Lemma 7.17. Let (7, p) represent a pair of two non-null polarities as in
Corollary with the single difference that both of them are supposed to
be non-degenerate. Let {Pp} C A, represent an orthonormal basis with re-
spect to the quadratic form Q}Tl and with signature ST = (s, tT, O) And
let {EL} C Ay, represent an orthonormal basis with respect to the quadratic
form Q}; and with signature S~ = (s7,t7, O) We then have with S(u) =

14Cf equations l 65) and 1 66| of Corollary 13|
150, equatlons 1 67) and 1 68]) of Corollary 13|
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det 7= [ = (1", (7.103)
=1

detp=[[nw=(-D", (7.104)
=1

n=st+tt =5 +1t7, O=ut=u", (7.105)

k n—k
Bow By = A1 <H nﬁ,) P <H nl+b> (7.106)
=1 =1
=\ 2det i = (—1)" A2,
Yobipp = 1" 2 det p = (=1)" p" 2. (7.107)
)

Proof. Equations ([7.103) and (7.104]) follow from equations (|7.73) and ([7.74]
7.70) and
([l

respectively. Equations (7.106) and (7.107) follow with equations (
(7.72) respectively.

Now, let us suppose, (7, p) represents a pair of two non-degenerate and
naturally associated polarities with real parameters A, x € R\ {0}. And let
{P»} C A, be an orthonormal basis with respect to the quadratic form Q}f
and with signature ST = (s7,¢%,0). We want to know, whether or under
which conditions the basis {Fyp} C A, is orthonormal with respect to the
quadratic form Qé_? The system of bases {Pp},{Fb} C A, is supposed to
form an harmonic model of projective algebra A, according to Definition
[4:26] Thus, let us compute the quadratic and bilinear forms with respect to
the basis {Ep} for S(b) = S(c) =1 and b # c,

QL (Bp) = QU (Ep) = QY (a5 P) = QY V(P (7.108)
A A2 det 7 A2 det

= /87 P— = = ;
bb Bbb ne
B~ (B, Ec) = BV (By, Ee) = BY'™V (ay5 Py, ace Pe) (7.109)

= Oébgaca . B£n71)+(PE, PE) =0.

s

The basis {Ep, } is orthonormal with respect to the quadratic form Q}f,
if and only if A = £1. And with the left side of equations (4.281)) it follows
also p = £1.

In a similar way we could have started with the orthonormal basis
{Ewb} C A,, and would have come to the conclusion, the basis {P,} C A, is
orthogonal too, if 4 = +1 and consequently A = +1.

So with
1
nimy = A" 2 detd = p" 2 det p = Y (7.110)
i
1 1 det 7 w2
detit= —— detp=—, A:(f) 7.111
A= o1 CPTNRTT Qetp .\ (7.111)
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from equations ([7.108) and (4.281]) we get an overview on the different cases.
See Table [A

The equivalence relation for multi vectors in projective geometry P,
from Definition implies, that 7 and 7¢ as well as p and p, with

Fe(Ap) = € 7(Ag), PolAg) i= 0" - 5(Ap), (7.112)
A€ AL, ¢,0€F\ {0}

represent each the same non-null polarity. Nevertheless, the determinants are
changing by the factors ™ and o™ respectively,

det(7re) = £" det 7, det(p,) = o™ det p. (7.113)

In the case of real factors £,0 € R\ {0} positive and negative determinants
are separated for even dimensions n and not separated for odd dimensions n.
Since the sign of the determinant represents the orientation of the respective
projective space, it is said, that projective geometry P,, of even dimensions n

can be oriented — det 7 = 1 and det @ = —1 are separated — and projective
geometry P, of odd dimensions n not — det7 = 1 and det® = —1 are not
separated.

In projective geometry P,,, a non-degenerate but otherwise generic pair
of polarities (7, p) and the pair of polarities (7¢, p,) is the same. Eventually
the two non-degenerate quadrics Qz and Q; may coincide, e. g. in case of a
naturally associated pair (7, p). In case of even dimensions n, the signs of
the respective determinants are the same, i.e. signdet® = signdet 7 and
signdet p = sign det p,; in case of odd dimensions n the signs of the determi-
nants det ¢ and det g, depend on the factors £,0 € R\ {0} and can differ
independently from the signs of det 7 and det p respectively.

In the third column of Table@the pair (det 7, det p) is listed and can take
on, in the context of non-degenerate naturally associated pairs of polarities
(7, p) with respect to an harmonic orthogonal system of bases {Py}, {Ep} C
A, one of the four possible values: (1,1), (—1,-1), (1,—1) and (—1,1). We
call the combinations (det 7, det p) lying on the first angle bisector even and
the combinations (det 7, det p) lying on the second angle bisector odd,

(det7,det p) even :<= signdet® = signdet p, }

(det 7t,det p) odd <= signdet® = —signdet p. (7.114)

From Table [0] we see, in the case of even dimensions n there are only
even combinations of naturally associated polarities. Compare also the right
side of equations (7.111)). And since the pairs (el) (det#,det p) = (1,1) and
(e2) (det ,det p) = (—1, —1) are separated, they represent different quadrics.

In the case of odd dimensions n, no two pairs (det 7, det ) are separated
anymore.

We summarise the result of this subsection in

Definition and Theorem 7.18 (Harmonic Orthonormal System of Bases I).
Let (7, p) represent a pair of two non-degenerate naturally associated polar-
ities according to Definition with A, € {1,—1}. Then there exists a
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n A 1 det 7, det p Signatures S*

even A=p=1 (el) detm =detp=1 ny =mny

A=p=-1 (el)deti=detp=1 e =y
s:=sT =5 even
t: =17 = even
(s,,0)%, (s,t,0)

A=—p=1 (e2)deti=detp=-1 15 =—n,
A=—p=—-1 (e2)deti=detp=-1 75 =—n
odd A=p=1 (o1) det# = detp =1 =1
A=p=-1 (ol) dett =detp = —1 n;:?l_
A=—pu=1 (02)det®=—detp=—-1 771—52—771;

A=—p=-1 (02)deti=—detp=1 nf=-n,

w:=1tt =5 even

(v,w,0)T, (w,v,0)”

TABLE 9. Signatures in space and counterspace of a
non-degenerate pair (7, p) of naturally associated polarities
with respect to an harmonic orthogonal system of bases
{Po},{Eb} C A, in Pp,.

system of bases {Py}, {Fp} C A,, which forms an harmonic model of pro-
jective algebra A, according to Definition [£:26] and which is at the same
time orthonormal with respect to the quadratic forms Q}f and Qé_ and the
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bilinear forms B}TJ“ and B}f respectively with

1

Qi (Po) - Q5 (Bw) = nitmy, = Ve (7.115)
1 1 det 7 "2
deti=———,  detp= = (M7, (7116
an AL’ ep Apn—1’ det p <)\> ( )

A list of all different cases is displayed in Table [0}

We call the above described system of bases {Pyp}, {Eb} C A, an har-
monic orthonormal system of bases with respect to the pair (7, ) of two non-
degenerate naturally associated polarities. The term harmonic orthonormal
system of bases is also used with respect to a pair (7, p) of two degenerate
naturally associated polarities.

Proof. The existence of an harmonic orthonormal system of bases for a pair
(7, p) of two degenerate naturally associated polarities is described in Theo-
rem and of the next subsection. For everything else see above. [

7.7. Transition to Pairs of Two Degenerate Naturally Associated Polarities

This subsection makes the transition to pairs (7, p) of naturally associated
polarities, which are degenerate and non-vanishing. We thereby follow the
procedure proposed in Definition [7.15] as a preliminary version, how to de-
fine and construct degenerate naturally associated pairs of polarities (7, 5).

In this procedure, we parameterise non-degenerate pairs of polarities (¢, ot)
1)+

7t,pt)"
larities as well as their non-degenerate quadrics degenerate to the pair (7, )

of two degenerate naturally associated polarities as well as to two degenerate
quadrics (er_v pr).

Let us construct now in detail the degenerate naturally associated pairs
of polarities (7, p).

In the first case, let a generic, but degenerate polarity 7 from the plus
to the minus approach be given (including a fixed A € {1, —1}) with respect
to an orthonormal basis { P, } of signature S* and with quadratic form Q4"

according to the equations (7.79)), (7.80) and (7.81)) of Definition

Our choice for the in general non-degenerate polarity 7; is displayed in
equations (7.85), and of Definition This choice still comes with
the flexibility of adjusting the number m] of parameters —t with a negative
sign and the number mj of parameters ¢ with a positive sign within the limits
of equation (7.86]). And #; was constructed in such a way, that it degenerates
to 7 according to equation of Definition

For each non-degenerate polarity #; (with ¢ # 0), there is a naturally
associated polarity p; according to Definition and Theorem [£.39] The
degenerate and naturally associated polarity p to 7 is displayed in equations

(7.88) of Definition

We determine now the polarity g, its matrix fT: its quadratic form Q;_,

and their quadrics QE In the limit ¢ — 0 the pairs of non-degenerate po-

its parameter p and the corresponding signature S~. In order to do so, let
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S(b) = 1. For t # 0, the non-degenerate polarity p;, evaluated over the
1-vectors E}, of the minus approach, returns 1-vectors in the plus approach,

p(Bp)= > AP= > oapshl ol (7.117)
S(c)=1 S(e)=1
n—1
= 3 a2 ] BY P | Obe
S(b)=1 =1
_ ( n 1y\n—2 Z Hgt)Jer Sbe
S(b)=1 I=1 '

where we used equation (4.279)) from Theorem equation (4.148) from

Theorem [4.26] equation (4.83) from Definition and Theorem equa—

tion m Definition In order to determine the parameter p # 0,

we use the left expression from equations and 7y—1,
1 1

)\n_l det 7A'['t:1 B Anfl(fl)t'*'-‘rm;r : (7118)

M:

Taking the limit ¢ — 0 according to equation ([7.87) from Definition
we get the matrix I'y of the polarity p,

~(0)
~ 9 ’ch _ 0, b 7é C,
Ybe = }E}% (t(u+1)> = { (_1)n—1ng’ b=c, (7.119)
with S(u) =
0, 1<i<u™,
M =14 AP2(=D)HmioL s 41 < <uT 4 my, (7.120)
)\n—2(_1)t++mf7 u” +mf +1<1<n,
and
u” =sT 4+t (7.121)
sT+tT =m{ +mg, (7.122)
_ m}, in case A""2(—1)t ™ =1 and Ap =1,
si= g M2 oy (7.123)
mi, in case A\""*(—1) 1 =—1and A\up=—
_ mi, in case A""2(—1)t ™ =1 and Ap =1,
=g M I (7.124)
my, incase \""3(—=1)" "1 = —1 and Ay = —

Please note the following detail in equations (7.123]) and (7.124). With equa-
tion the case )\”_2(—1)t++ml+ = 1 implies Ay = 1 and the comple-
menting case /\”_2(—1)7f+"”"1+ = —1 implies Ay = —1.

The quadratic form with respect to the degenerate polarity p then reads

Q) (Bu)=ny, 1<i<n, (7.125)
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and its signature
S =(s",t7,u"), 1<u™ <n, (7.126)

is fixed by equations (7.121)), (7.123]) and (7.124)).

Without loss of generality, in case of Au = —1 we may reorder the
indices of Py for s* 4¢* +1 <1 < n such, that equatlons and -
remain Vahd and we get instead of equation ([7.120)) the followmg expression
for Au =1 and Ay = —1,

0, 1<i<u™,

Ma=4 -1 w +1<I<u”+t, (7.127)
I, w +t +1<I<u +t +s =n,

where the parameters of the signature S~ are still fixed by equations ,
(7.123) and (7.124) and we can choose for each pair (s, t™)
nw= :l:l. (7.128)
A

In the second and complementing case, let a generic, but degenerate
polarity p from the minus to the plus approach be given (including a fixed
w € {1, -1}) with respect to an orthonormal basis { Ex, of 31gnature S™ and
with quadratic form Q according to the equatlons | and 1
of Definition [Z.I5

Our choice for the in general non-degenerate polarity p; is displayed in
equations and of Deﬁnition This choice still comes with the
flexibility of adjusting the number m] of parameters —¢ with a negative sign
and the number m; of parameters ¢ with a positive sign within the limits of
equation . And p,; was constructed in such a way, that it degenerates
to p according to equation of Definition

For each non-degenerate polarity p; (with t # 0), there is a naturally
associated polarity 7; according to Definition and Theorem |4 The
degenerate and naturally associated polarity & to p is displayed in equatlons
of Definition

We determine now the polarity 7, its matrix BT, its quadratic form
Q}r+7 its parameter A and the corresponding signature S+. In order to do so,
let S(b) = 1. For t # 0, the non-degenerate polarity 7, evaluated over the
1-vectors P, of the plus approach, returns 1-vectors in the minus approach,

w(Po)= Y. BBe= > abbyb,acc . (7.129)

S(ec)=1 S(c)=

nanH,YlbbEb 6bc

n—1

nQZH€ "By | dbe

=11=1
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where we used equation (4.280) from Theorem equation (4.148) from
Theorem [4.26] equation (4.87) from Definition and Theorem equa—
tion m Definition In order to determine the parameter A # 0,
we use the middle expression from equations and py—1,

1 1

A= = . 7.130
ur—1ldet py—1 pr=t(—=1)t +my ( )

Taking the limit ¢ — 0 according to equation ([7.92) from Definition
we get the matrix By of the polarity 7,

3(t)
. 0 b#c
bc ? ’
Boe = lim <t(“ _1)> { W bl (7.131)
with S(u) )
0, 1<I<ut,
nh =4 pt D L et << ut +my (7.132)
prTE (=0t e wt emy 1< <n,
and
ut =5 +1t7, (7.133)
sT+tt =my +my, (7.134)
+ ) my, incase pn (1) ™ = land Ap =1, (7.135)
' my, incase u" 2(—=1)" *™ = —1and Ay = —1, .
o+ ) mi, incase pn2 (=1 T =1 and A\ =1, (7.136)
' my, incase u" 2(—1)" *™ = —1and Ay = — '

Please note the following detail in equations (|7.135)) and ([7.136)). With equa-
tion (7.130) the case u"~2(—1)" *™ = 1 implies Au = 1 and the comple-

menting case p"~2(—1)! T = —1 implies Ay = —
The quadratic form with respect to the degenerate polarity 7 then reads
QFf (Pu)=nh, 1<i<n, (7.137)
and its signature
St =(st,tT,u"), 1<ut <n, (7.138)
is fixed by equations (|7.133)), (7.135)) and (|7.136)).
Without loss of generality, in case of Ay = —1 we may reorder the

indices of £y, for s~ +¢7 +1 <1 < n such, that equatlons - ) and (| -
remain Vahd and we get instead of equation ([7.132)) the following expression
for Au=1and Ap = —1,

0, 1<Ii<ut,
nh=< -1, ut+1<I<ut +¢F, (7.139)
1, ut +tT+1<I<ut+tt+ s =n,
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where the parameters of the signature S* are still fixed by equations ((7.133)),

(7.135) and (7.136) and we can choose for each pair (s*,¢")
1
p=s. (7.140)

We summarize the result of this subsection in

Theorem 7.19 (Harmonic Orthonormal System of Bases II. Preliminary Ver-
sion). Let (7, p) represent a pair of two degenerate naturally associated polar-
ities according to Deﬁnition with A\, p € {1, —1}. Then there exists a sys-
tem of bases {Pop}, {Eb} C Ay, which forms an harmonic model of projective
algebra A, according to Definition[4.26] and is at the same time orthonormal
with respect to the quadratic forms Q}f and Q}; and the bilinear forms B}T+

and Béf respectively. In detail we have:

(C1) If the degenerate polarity 7t is given (including a fized X\, i.e. A =1 or
A = —1), represent & with respect to the basis {Pp} C A, with signature

St =(st,tt,u"), 1<ut <n, (7.141)
1. €.
Qi (Pu) =Bup=nk, Sm=n, 1<1<n, (7.142)
with
nh=1  1<I<s*,
na=-1 stT+1<I<sT+t7, (7.143)
n;:o, sttt +1<i<st+tT +ut =n.

then one of the following degenerate polarities p, depending on the choice
of parameter s~ and t~, with respect to the basis {Ep} C A,, with sig-
nature

S =(s7,t7,u), 1<u™ <n, (7.144)
represents the to T naturally associated polarity p and is orthonormal
with respect to the basis {Ep} C Ay,

Qé_ (Eu) =" uu= Nw Su)=n, 1<1<n, (7.145)

with
0, 1<i<u™,

Na=4 -1, v +1<I<u +t, (7.146)
1, u +tT+1<I<u"+t" +s5 =n,

where
u” =5+t (7.147)
sT 4t =ut, 0<s,t” <uT, (7.148)
1
w=+—. (7.149)
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(C2) If the degenerate polarity p is given (including a fixed p, i.e. p =1 or
w=—1), represent p with respect to the basis {Ep} C A, with signature

ST =(s,t,u7), 1<u™ <n, (7.150)
1. €.
Q) (Bw) = (1" Yuu=7y Su=n 1<I<n, (7.151)
with
Nu =1 1<1<s,
na=-1 s +1<I<s +17, (7.152)

77;1207 sTHtTH1I<I<s 4+t T4+u =n.

then one of the following degenerate polarities &, depending on the choice
of parameter st and tT, with respect to the basis {Pp} C A, with sig-
nature

St =(st,tT,u"), 1<ut <n, (7.153)
represents the to p naturally associated polarity @ and is orthonormal
with respect to the basis {Pp} C Ay,

Qi (Pu) =Bup=nk, Sm=n, 1<i<n, (7.154)
with
0, 1<l <ut,
=< -1, ut+1<I<ut +tF, (7.155)

l

1, ut +tt+1<i<ut +tF +57 =n,
where
ut=s" 17, (7.156)
sttt =u™, 0< st tT <u™, (7.157)
A=+l (7.158)
1
Proof. See the considerations in this subsection above. O

The parameters A and p can be chosen arbitrarily from {1, —1} for any
combination of signatures ST and S~. See equations (7.158) and ((7.149).
This is why we do not need to mention them in the cases of degenerate pairs
of polarities (#, p) anymore, since they can be applied arbitrarily anyway.

Now, on the basis of the following theorem, we will extend and simplify
the definition of what degenerate naturally associated pairs of polarities are.

Theorem 7.20. Let (7, p) form a pair of two degenerate naturally associated
polarities according to Definition[7.15. We then have

#p(X) = pr(X) =0 VX €A, (7.159)
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Proof. We prove equation ([7.159)) for the basis-1-vectors P, = og), By and
Eb = O‘bEPE with S(b) = 1,

Ap(Eb) = (=1)" "'y - #(Py) = (1) gt - By =0, (7.160)
P (Bn) = a5 - p(Py) (7.161)
n—1
_(_ (nfl)2 n—2 + - . _
= (=)™ () (lﬂl nlbnlb> Ep, = 0.
pi(Po) = - p(Ep) = (=1)"'ntn, - P =0. (7.162)
7p(Po) = oy, - TP(Ep) (7.163)
n—1
_(_ (n—l)2 n—2 -+ . _
= (- () (l]:[l nlbnlb> P, = 0.
As a consequence, equation ([7.159)) is true for all X € A,,. O

According to Theorem [£:39] in case of non-degenerate polarities, there
are always the two odd algebra isomorphisms 7 and p representing the same
polarity, i.e., we have a pair of naturally associated polarities (7, p) with

#2(X) = 7p(X) = pr(X) = p*(X) = e X (7.164)

for all X € Ak with e, € F\ {0} and k € {0,1,...,n}, which is an identity
mapping in projective geometry. For sure, in the case of a non-degenerate pair
of polarities (7, p), the product of the two transformations never vanishes,

#p(X) = pr(X) £ 0 VX €A, )\ {0} (7.165)

This is why we can choose equation as the condition for two degener-
ate polarities to be naturally associated. In doing so, we extend the concept
of what naturally associated, degenerate polarities are. All degenerate and
naturally associated polarities according to Definition[7.15]are included in the
extended concept. But beyond the degenerate pairs of Definition [7.15] there
are now more pairs fulfilling the condition of equation . E. g., the van-
ishing polarity # = 0 or p = 0 is naturally associated to every degenerate
but non-vanishing polarity p or 7 respectively.

Definition 7.21 (Pairs of Naturally Associated Polarities). Two generic non-
null polarities 7 and p according to Definition form a pair of naturally
associated polarities (7, p), if and only if

(D1) in case one of the two polarities is non-degenerate, then both polari-
ties 7 and p are non-degenerate and represent the same transformation
according to Theorem or

(D2) in case one of the two polarities is degenerate, then & and p both are
degenerate and satisfy

#p(X) = pr(X) =0 VX €A, (7.166)

Clearly, the version of Definition [7.21] is more simple than the prelimi-
nary version of Definition And it has an impact on how the degenerate
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pairs of naturally associated polarities are represented in harmonic orthonor-
mal systems of bases. Theorem [7.19]is extended and simplified to

Theorem 7.22 (Harmonic Orthonormal System of Bases III). Let (7, p) rep-
resent a pair of two degenerate and naturally associated polarities according
to Definition with A, € {1,—1}. Then there exists a system of bases
{Po},{Eb} C A, which forms an harmonic model of projective algebra A,
according to Definition[{.26 and which is at the same time orthonormal with
respect to the quadratic forms Q}f and Q[lf and the bilinear forms B}f and

B~ with
Qr () - Q™ (Bp) = nfm, =0 (7.167)
for all binary numbers b with S(b) = 1. The signatures ST(s*,tT,u™) and
S™(s7,t7,u") satisfy the conditions
2n>ut +u” >n, u” > st +tT, ut > s 4t (7.168)
Proof. According to Definition and Theorem there is an orthonormal
basis {Pél)} C A,, with respect to the quadratic form Q}f and the bilinear
form BT with signature S*(s*, ¢, ut),
QL (PY) = Buw =1 S(u) =n (7.169)
1, 1<1<sT,
=< -1, st+1<i<st+1tF,
0, sTHtt+1<i<stT+tt +ut =n,

and an orthonormal basis {El()2)} C A, with respect to the quadratic form
Q}f and the bilinear form Béf with signature S~ (s, ¢, u")

QL (BD) = (~1)" Fura = 1 S =n  (7.170)
0, 1<i<u™,
={ -1, wH1<I<u +t,
1, umHtT+H1<I<u"+tT+s =n.
By precondition, # and p are degenerate, i.e. 1 < ut,u” < n.
Let {Pl()l)}, {El()l)} C A, denote the system of bases forming an har-

monic model of projective algebra A,, and let {Pé2)}7 {El()z)} C A, denote the
system of bases forming a second harmonic model of the projective algebra
A,

We divide the systems of bases into two times three sets each,

B, .= {P<1> leN, 1<1< s+}, (7.171)

Bf = {PU ] eN, s++1gl§s++t+}, (7.172)

Bl_(s) =

{
Bf = {P<1> leN, st+tT+1<i<st+tF +u+:n}, (7.173)
{

EV ] en, 1§l§s+}, (7.174)
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€N, s++1§l§s++t+},
leN, s++t++1§lgs++t++u+=n},
leN, 1§l§u_},
leN, u*+1§l§U7+f}a
leN, u7+t7+1§l§u7+t7+37:n},
leN, 1gzgu—},
By, = (P& |l €N,
Bf, = {PR
and get the following relations,
ALt = span(BfS ) ® span(By;) ® span(By;))

an(Bj,)) & span(BJ,,)) & span(BF,, ),
H(Bzu) @ span(By,) ® span(By,)
(
(

u*—i—lglgu*—l—t*},

l€N, u*+t*+1§l§u*+t*+5*:n},

Ay

= span(Bj ) ) ® span(Bl_(t)) 2} span(Bf(u)%
span(B],)) D span B;(t ) ® span(B;(S)),
span(B,,,) D span(By,)) @ span(Bj ;).

(7.175)
(7.176)
(7.177)
(7.178)
(7.179)
(7.180)
(7.181)

(7.182)

(7.183)

(7.184)

(7.185)
(7.186)

The relations of equations ((7.183)) and ([7.184)) are obvious. In order to prepare
the proof of equation ([7.185)), we collect with S(b) = 1 and S(u) = n the

identities

= Y BpeE = BobEy) = nt B,

S(c)=1
PED) = > wePP =4up P = (—1)" 'y P,

S(e)=1

er-l-t+

Z MluPl(l}) € span(B},) @ span(By;),
=1

sttt sttt

#(X) = Z o 7(PY)) = Z B EQ)

++t+

Zuunu-

and the basis transformatlon

1) _ 2
E,(u) - Z ’Y,umu ! Efnzu
m=1

) e span (B 1(s )) ® span(B;(t))

(7.187)

(7.188)

(7.189)

(7.190)

(7.191)
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which is an even automorphism p in AL~. By precondition (7, p) represents
a pair of two degenerate and naturally associated polarities. According to

Definition we have for all X of equation (7.189)

0=pr(X)= > punfy-p(EY) (7.192)

Il Il
Mz I
F F
= =
= =
=t =t

’Ylllmu(_l)nil’r];upffl)l

=1 m=1
n s++tJr
:(71)n71 Z Z /L,unjuf)/,umun;u PS&
m=u—+1 =1

<~
er-l-tJr

0= Z ulun;’ylumun;u V X € span(By,) @ span(Bf;) (7.193)
1=1

=
- : 1<i<st+tt
0= U;tl%umunmu Vi,m Wlth{ v +1<m<n (7.194)
=
) 1<]l<st+tt
0=vu,u Vim w1th{ 4 lem<n (7.195)
=
#(X) € span(B;,) ¥V X € span(B{,) @ span(By}) (7.196)
=
span(By,,) O span(B;,)) @ span(By ). (7.197)

The relation of equation ([7.186|) is proven along equivalent considera-
tions.
From equations (7.185)) and (7.186]) we get

um >sT+tt=n—ut, (7.198)
ut >sT+tT=n—u", (7.199)

and thus
2n > ut +u” >n. (7.200)

The last three equations correspond to the equations of Theorem
ay)

We are now in the position to define an harmonic orthonormal system
of bases {Pyp},{Eb} C A, for the degenerate and naturally associated pair
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of polarities (7, p). From equation ([7.199)) we get

h:=ut — (s~ +t7)>0. (7.201)
For the h-dimensional subspace
N7 :=span(Bj,) \ Span(BQ(t U B+ ) (7.202)
choose any basis
By = {PulleN, sT+t7 +1<1<s" +t7 +h. (7.203)

In case of h = 0, the subspace qu(h) is the empty set {}. For the (s~ +¢7)-
dimensional subspace

span(BQ(t u BJr ) (7.204)

we use the basis 1-vectors
+ —
Bu(s*+t*) T

By precondition, the quadratic form Q}F’L of equation ([7.169) is vanishing on
the set of basis 1-vectors B"‘ The quadratic form Q I+ then vanishes on any

{Plu ::Pl(f)‘leN, s++t++h+1gzgn}. (7.205)

basis of span(B{,). This is why it also vanishes on B} (h)» ON Bu(s 44— and
on Bu(h) U Bu (s=+t—)"
The basis of 1-vectors in the plus approach,
B = {Plu = PQ) +} , (7.206)

B = {Pu=PW|leN, stH1<i<st 1ot} (1207)
B+ Bu(h UBu(g +t—)? (7208)
{Py|S(b) =1} =B uBfuUB} (7.209)

and its harmonic complement {Ey, | S(b) = 1} according to Definition [1.26]
in the minus approach,

B, :={E.|leN, 1<i<u}, (7.210)
Ey=EQ), 1<i<st+ith, (7.211)

<

By = {Elu:Efﬁ)‘leI\L u—+1glgu—+t—}, (7.212)
B = {Elu:Ef[i)(leN, W H1<I<n},  (1.213)
(Ew|S(b) =1} = B UB; UBS (7.214)

form the harmonic orthonormal system of bases for the degenerate and nat-
urally associated pair of polarities (7, ). Their quadratic forms Q}f with
signature ST (sT,¢tT uT) and Qé_ with signature S~ (s7,t7,u") are

Qi (Pu) = Buu =1k S(u) =n (7.215)
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1, 1<1<st,
=q -1, sT4+1<I<st+1tt,
0, sttt +1<i<stT+tT+ut =n,

Qy (Bu) = (=1)" Y uu =14 Su)=n  (7.216)
0, 1<i<u™,
= 71, u +1<I<u” +1t7,
1, u +tT+1<I<u"+t"+s =n.

With equations (7.185) and (7.186) and the quadratlc forms ([7.215)) and
(7216)) we have equation (7.167) of Theorem [7.22] d

Corollary 7.23. For a naturally associated pair of polarities (7, p) according

to Definition [7.21] with

o \pe{l -1},
e an harmonic orthonormal system of bases { Py}, {Eb} C Ay,
o signature ST (s, %, u™) and signature S~ (s™,17,u™) respectively

we have:
(7, p) non-degenerate.
_ _ 1 _
Qi (Po) - Q; (Ev) = mimy = b ut=u" =0, (7.217)
st+tt =n, s+t =n, (7.218)
. 1 .
det 7 = m, det p = )\Hn_l . (7219)
(7, p) degenerate.
QLT (Py) - Qllf (Ep) =niny, =0, n<ut+u <2n, (7.220)
sT+tt <u™, sT+t <ut, (7.221)
det® =0, det p=0. (7.222)

Proof. Compare Definition and Theorem as well as Theorem [7.22 O

7.8. Quadrics in P, P3 and P,

In the following tables we will provide an overview on the different types of
quadrics related to naturally associated pairs of polarities for the projective
geometries Py, P3 and P4. The basic elements and the k-primitive geometric
forms of grade m of these projective geometries were listed in Tables
and [8] The quadrics are represented in the Tables [T10] to [I5] with respect to
an harmonic orthonormal system of bases { Py}, {Ep} C A, in each first line
with respect to 1-vectors in the plus approach

Xr= Y mb (7.223)
S(b)=1
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as
QFf (X7) = > weng, (7.224)
S(b)=1

in each second line with respect to 1-vectors in the minus approach

Xi= > bk (7.225)
S(b)=1
as
Qy (X1)= > By (7.226)
S(b)=1

Compare also Definition and Theorem

Table displays all different types of quadrics from point-plane pro-
jective geometry Py in one line (L) and all different types of quadrics from
line-line projective geometry P, in one incident point-plane pair (PPP). The
non-degenerate quadrics in block (1) and (2) belong to a non-degenerate pair
(7, p) of naturally associated polarities. The degenerate quadrics in block (3)
to (5) belong to a degenerate pair (7, p) of naturally associated polarities.
Block (3) displays the quadric belonging to the cases u™ +u~ = 2, for the
blocks (4) and (5) we have u™ + u~ > 2. Not listed is the trivial case

S$7(0,0,2), 57(0,0,2). (7.227)

The parameters A and p were introduced in the definitions of the algebra
homomorphisms. Compare equation of Definition and Theorem
equation (4.76|) of Definition and Theorem equation of Definition
and Theorem and equation of Definition and Theorem [4.15] Block
(2) of Table gives an example, that we indeed need the parameters A
and p, in order to describe all the different quadrics in both approaches
simultaneously. This need is, of course, already obvious through Definition
and Theorem and through Theorem The parameters A and p are
not necessary to describe all the different quadrics in just one approach, but
as soon as we want to describe them from both approaches, i.e. in space and
counterspace simultaneously, we have to work with them.

Another example for the necessity to define the algebra homomorphisms
with the parameters A and p can be found in point-plane projective geometry
P4 of space. See Table block (3).

Table and [13] display the non-degenerate and degenerate conic
sections from point-line projective geometry Ps in the planar field and the
non-degenerate and degenerate cones from plane-line projective geometry Ps
in the centric bundle. The dimension n = 3 of these geometries is odd, i. e., the
planar field or the centric bundle is one-sided and cannot distinguish between
two different orientations. But instead, each type of conic section or cone can
be displayed in all four combinations of A, u € {1, —1}. The remark ‘incident’
in brackets in the first two lines of each box means, the conic sections or
the cones in space and the conic sections or cones in counterspace coincide
respectively.
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Signatures S* A, p, det 7, det p Quadric

(1) L: 1 pair of complex conjugated points & 1 pair

of complex conjugated planes (incident)

PPP: 1 pair of complex conj. lines in the plus approach & 1 pair

complex conjug. lines in the minus approach (incident)

ST(2,0,0) A=pu==+1 e +u3 =0

S57(2,0,0) dett =detp=1 V3 +viy =0

S51(0,2,0) A=p==l1 —pdy — iy =0

S57(0,2,0) detm=detp=1 —v3 — V3 =0

(2) L: 1 pair of real points & 1 pair of real planes (incident)

PPP: 1 pair of real lines in the plus approach & 1 pair

of real lines in the minus approach (incident)

S+(1>170) )‘:_M:il M%l_M%O:O

S7(1,1,0) det =detp=—1 —v + v =0

(3) L: 1 double point & 1 double plane (incident)

PPP: 1 double line in the plus approach & 1 double line

in the minus approach (incident)

St(1,0,1) N01 =0

S57(0,1,1) detm=detp=0 -3, =0

S+(O>171) _MIO =0

S7(1,0,1) detm=detp=0 3 =0

(4) L: 1 double point & the line as pencil of planes (incident)

PPP: 1 double line in the plus approach & the point-plane-pair

in the minus approach (incident)

St(1,0,1) pud =0
S57(0,0,2) detm =detp=0

S+(07171) _M%O =0
S57(0,0,2) det7m=detp=0

(5) L: The line as range of points & 1 double plane (incident)

PPP: The point-plane-pair in the plus approach & 1 double line
in the minus approach (incident)

(0,0,2)

(1,0,1) det7=detp=0 3, =0
£(0,0,2)

(0,1,1)

detm=detp=0 -2, =0

TABLE 10. Quadrics in the line Py (L) or in the incident
point-plane-pair P (PPP)
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Signatures S* A, i, det 7w, det p Quadric
(1) PF: anisotropic conic section (incident)
CB: anisotropic cone (incident)
57(3,0,0) A=p=1 g1+ uio + Hioo =0
57(3,0,0) det7 =detp=1 Vgo1 + Y310 + V00 = 0
5%(0,3,0) A=p=-1 —pdy — ni1o — Moo =0
S57(0,3,0) detm=detp=—1 —vy — V1 — Vigo =0
S571(0,3,0) A=—p=1 —pdos — to10 — 1300 =0
S=(3,0,0) dett=—detp=—1 13y + 130+ Vi =0
5%(3,0,0) X /\:—Hf—l fo1 + K10 + Hing = 0
57(0,3,0) deti=—detp=1 —13y — V1o — Vi =0
(2) PF: oval conic section (incident)
CB: oval cone (incident)
57(1,2,0) A=p=1  pdor — K10 — Moo =0
S7(1,2,0) detm=detp=1 V301 — Vero — Vigo =0
5%(2,1,0) A=p=-1 " pdo + uio — Moo =0
S7(2,1,0) det7m =detp=—1 V301 + V3o — Vi =0
57(2,1,0) A=—p=1  pdor +uio — Moo =0
S=(1,2,0) detm=—detp=—1 —v2) —viy+v3% =0
57(1,2,0) . /\:—/Jf—l Ho1 — K10 — Hioo = 0
S57(2,1,0) det#=—detp=1 —13y + V310 + Vo =0
(3) PF: 1 pair of complex conjugated points &
1 double line (incident)
CB: 1 pair of complex conjugated lines &
1 double plane (incident)
S+(27071) M(Q)Ol +:u’(2)10 =0
S57(1,0,2) det7=detp=0 Vi =
5%(2,0,1) fo1 + 1310 = 0
S57(0,1,2) det®=detp=0 —viy =
5%(0,2,1) —Hdo1 — M0 =0
$-(1,0,2) det # = det j = 0 V2, =0
57(0,2,1) ~Hgo1 — Moo =0
S57(0,1,2) detm=detp=0 —v30=0

TABLE 11. Non-degenerate and degenerate conic sections
in the planar field P; (PF) as well as non-degenerate and
degenerate cones in the centric bundle P3 (CB)
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Signatures ST A, u, det 7, det p Quadric
(4) PF: 1 pair of real points & 1 double line (incident)
CB: 1 pair of real lines & 1 double plane (incident)
S+(171a1) /‘L(2)01 _Mgw =0
S7(1,0,2) det7=detp=0 v =0
S*(L,1,1) A A K01 — Mélo =0
57(0,1,2) det7m=detp=0 —Vip0 =0
(5) PF: 1 double point & 1 pair of complex conj. lines (incident)
CB: 1 double line & 1 pair of complex conj. planes (incident)
S+(13032) /L%OO =0
S=(2,0,1) det# = detp =0 Ve + Va1o =0
S+(0a 1, 2) _M%OO =0
S7(2,0,1) dett =detp=0 Vao1 + 310 =0
S+(170a2) /L%OO =0
57(0,2,1) detm=detp=0 —V3y — V310 =0
S+(Oa 1, 2) _M%OO =0
57(0,2,1) det# =detp=0 —130 — V3, =0
(6) PF: 1 double point & 1 pair of real lines (incident)
CB: 1 double line & 1 pair of real planes (incident)
S+(1v032) M%OO =0
S7(1,1,1) detm=detp=0 Vao1 — V310 =0
S+(0a 1, 2) _M%OO =0
S7(1,1,1) dett =detp=0 V301 — V3o =0
(7) PF: 1 double point & 1 double line (incident)
CB: 1 double line & 1 double plane (incident)
S+(1v032) N%OO =0
S7(1,0,2) detm=detp=0 V3 =0
S+(170u2) M%OO =0
57(0,1,2) dett =detp=0 13, =0
S+(Oa 13 2) 7#%00 =0
S7(1,0,2) det7m=detp=0 V3, =0
S+(0a 1, 2) _M%OO =0
57(0,1,2) dett =detp=0 13, =0

TABLE 12. Continuation from Table : Degenerate
quadrics (conic sections) in the planar field P; (PF) and
degenerate quadrics (cones) in the centric bundle P53 (CB)
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Signatures ST\, p, det 7, det p Quadric
(8) PF: 1 pair of complex conjugated points & the
planar field of lines (incident)
CB: 1 pair of complex conjugated lines & the
centric bundle of planes (incident)
5%(2,0,1) ti01 + pd0 = 0
S57(0,0,3) det® =detp=0
5%(0,2,1) —pdo1 — ko =0
S57(0,0,3) det7 =detp=20
9) PF: 1 pair of real points & the planar field of lines (incident)
CB: 1 pair of real lines & the centric bundle of planes (incident)
5*(1,1,1) p01 — g0 = 0
S57(0,0,3) det7 =detp =20
(10) PF: The planar field of points & 1 pair of complex
conjugated lines (incident)
CB: The centric bundle of lines & 1 pair of complex
conjugated planes (incident)
S$7(0,0,3)
57(2,0,1) det# =detp=0 Vo1 + V10 = 0
$7(0,0,3)
57(0,2,1) det7 =detp=0 —1801 — V10 =0
(11) PF: The planar field of points & 1 pair of real lines (incident)
CB: The centric bundle of lines & 1 pair of real planes (incident)
$7(0,0,3)
S(1,1,1) det# =detp=0 Vgo1 — Y310 = 0
(12) PF: 1 double point & the planar field of lines (incident)
CB: 1 double line & the centric bundle of planes (incident)
5%(1,0,2) fiio0 =0
S57(0,0,3) det® =detp=0
st (0,1,2) *#%00 =0
S57(0,0,3) det7 =detp=0
(13) PF: The planar field of points & 1 double line (incident)
CB: The centric bundle of lines & 1 double plane (incident)
5%(0,0,3)
S7(1,0,2) detA=detp=0 V20 =0
S57(0,0,3)
S$7(0,1,2) detA=detp=0 —vi0 =0

TABLE 13. Continuation from Table : Degenerate

quadrics (conic sections) in the planar field Ps (PL) and

degenerate quadricsw (cones) in the centric bundle P3 (CB)
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Signatures ST A, b, det 7, det p Quadric
g H P

anisotropic quadric (incident)

57(4,0,0) A=p==l1 13001 + Hoo1o + Hd100 + Hiooo = 0
S7(4,0,0) dett =detp =1 V3001 + VY3010 + Y100 + Viooo = 0
S+(07 4, 0) A=p==+1 —Hgom - Mgow - Mgloo - H%ooo =0
S$7(0,4,0) det@t =detp=1  —vhoo1 — ¥o10 — Y3100 — ¥iooo = O

ruled quadric (incident)

) A=p==1 13001 + H3010 — Hd100 — HTo00 =0
) det=detp=1 Vgom + ngo - ngo - Vfooo =0

oval quadric (incident)

S7(3,1,0) A=—p==1 Hd001 + Hooto + Hd100 — Hiooo =0
S7(1,3,0) det# =detp=—1  —vfoo1 — Y3010 — Y100 + Viooo = 0
57%(1,3,0) A=—p=%1  pdoor — o0 — o100 — Hioo0 = O
S7(3,1,0) det® =detp=—1  —1oo1 + Yoo10 + Vo100 + Yioo0 = 0
1 anisotropic conic section & 1 double plane (incident)

S1(3,0,1) Hd001 + Hooto + Ho100 =0
57(1,0,3) det # = det p = 0 viooo = 0
S7(3,0,1) Hd001 + Hooto + Har00 = 0
$7(0,1,3) det 7 = det p = 0 —vfo00 = 0
S1(0,3,1) —Hbo01 — K010 — G100 =0
57(1,0,3) det 7 = det p = 0 V000 = 0
S1(0,3,1) —Hbo01 — K010 — G100 =0
57(0,1,3) det# =detp=0 V000 = 0
1 oval conic section & 1 double plane (incident)

StT(2,1,1) Hd001 + Hooto — Mo100 =0
57(1,0,3) det 7 = det p = 0 viooo = 0
ST(2,1,1) Hd001 + Hooto — Ha100 = 0
$7(0,1,3) det # = det p = 0 —vfo00 = 0
5%(1,2,1) f6001 — Hbo1o0 — Ho100 = O
S7(1,0,3) det# =detp=0 Viooo =0
St(1,2,1) H6001 — Hbo10 — Ho100 = O
57(0,1,3) det# =detp=0 V000 = 0
1 double point & 1 anisotropic cone (incident)

57(1,0,3) fi3000 = 0
S7(3,0,1) det®=detp=0 V3oo1 + Vdo10 + Vo100 = 0
S7(0,1,3) —#5000 = 0
S7(3,0,1) det 7 = det p = 0 Vo1 + Vbo10 + Vo100 = 0
S7(1,0,3) f3000 = 0
S57(0,3,1) det®=detp=0 —h001 — Vdo1o — Y3100 = 0
S1(0,1,3) — 13000 =0
S7(0,3,1) det =detp=0 —VB001 — Yo10 — Vor00 = 0

TABLE 14. Quadrics in projective space Py
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Signatures ST

A, w, det T, det p

Quadric

N N iy Ny

1 double point & 1 oval cone (incident)

+(17073) M%ooo =0
“(2,1,1) det# =detp=0 301 + Y010 — Vo100 = 0
+(07 1, 3) —lﬁooo =0
“(2,1,1) det#=detp=0 301 + Y010 — Vo100 = 0
+(17073) /ﬁooo =0
~(1,2,1) det# =detp=0 1301 — Y3010 — Vo100 = 0
+(07 1, 3) —lﬁooo =0
~(1,2,1) det# =detp=0 1301 — Y3010 — Vo100 = 0

1 pair of complex conjugated points & 1 pair of complex
conjugated planes (incident in one line)

5%(2,0,2) 116001 + K010 = 0
57(2,0,2) det# =detp=0 V8100 + Viooo = 0
5%(2,0,2) 10001 + K010 = 0
57(0,2,2) det# =detp=0 —18100 — Viooo = 0
5%(0,2,2) — o001 — Hgo10 = 0
S57(2,0,2) det7®=detp=0 Vo100 + Viooo = 0
5%(0,2,2) — 001 — Hdo10 = 0
57(0,2,2) det# = det p = 0 —Vg100 — V000 = 0

(9) 1 pair of complex conjugated points & 1 pair of
real planes (incident in one line)

*(2,0,2) 11001 + Ho10 = 0
~(1,1,2) det# =detp=0 —V8100 + Viooo = 0
*(0,2,2) — 1001 — Hio10 = 0
—(1,1,2) detm=detp=0 —Ug100 + Viooo = 0

(10) 1 pair of real points & 1 pair of complex conjugated
planes (incident in one line)

T(1,1,2) 10001 — Hdo10 = 0
~(2,0,2) det#t = det p = 0 V100 + Viooo = 0
(1,1,2) 001 — Hooto =0
(0,2,2) det7® =detp =0 —V8100 — Viooo = 0

(11) 1 pair of real points & 1 pair of real planes
(incident in one line)

ST(1,1,2) [16001 — Hoo10 = 0
S7(1,1,2) detm®=detp=0 —3100 + Viooo = 0

TABLE 15. Continuation from Table Quadrics in
projective space Py
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Block (1) and (2) display the non-degenerate quadrics in Ps, the blocks
(3) to (6) degenerate quadrics in P3 with u™ + = = 3, blocks (7) to (11)
degenerate quadrics in P3 with u™ +u~ = 4 and the blocks (12) to (13)
degenerate quadrics in P3 with u* +u~ = 5. Not listed is the trivial case

57%(0,0,3), S7(0,0,3). (7.228)

Table [14] and [I5] display the non-degenerate quadrics and the degenerate
quadrics from point-plane projective geometry P, in space. From the degen-
erate quadrics only those are listed satisfying the condition u* +u~ = 4. Not
listed are the degenerate quadrics with 4 < u™ +u~ < 8, i.e.

ut +uT =5 S*(3,0,1), 57(0,0,4), (7.229)
S$7(0,3,1), S57(0,0,4), (7.230)
S*(2,1,1), S7(0,0,4), (7.231)
St(1,2,1), S7(0,0,4), (7.232)
S$7(0,0,4), S7(3,0,1), (7.233)
S$7(0,0,4), S57(0,3,1), (7.234)
S5%(0,0,4), S7(2,1,1), (7.235)
5%(0,0,4), S™(1,2,1), (7.236)
S$7(2,0,2), S7(1,0,3), (7.237)
S$7(0,2,2), S7(1,0,3), (7.238)
S*(1,1,2), S~(1,0,3), (7.239)
S7(1,0,3), S7(2,0,2), (7.240)
S*(1,0,3), 57(0,2,2), (7.241)
S*(1,0,3), S™(1,1,2), (7.242)
S%(2,0,2), S7(0,1,3), (7.243)
57(0,2,2), 57(0,1,3), (7.244)
S*(1,1,2), S7(0,1,3), (7.245)
S*(0, 1,3), 57(2,0,2), (7.246)
S$7(0,1,3), 57(0,2,2), (7.247)
S$7(0,1,3), S7(1,1,2); (7.248)

ut+uT =6 S%(2,0,2), S7(0,0,4), (7.249)
5%(0,2,2), S7(0,0,4), (7.250)
S*(1,1,2), S7(0,0,4), (7.251)
S$7(0,0,4), S57(2,0,2), (7.252)
5%(0,0,4), S57(0,2,2), (7.253)
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S$7(0,0,4), S™(1,1,2), (7.254)
S*(1,0,3), S7(1,0,3), (7.255)
57(0,1,3), S57(1,0,3), (7.256)
S7(1,0,3), S7(0,1,3), (7.257)
S7(0,1,3), S7(0,1,3); (7.258)
utduT =7 S7(1,0,3), 57(0,0,4), (7.259)
S7(0,1,3), S57(0,0,4), (7.260)
S$7(0,0,4), S7(1,0,3), (7.261)
S7(0,0,4), S7(0,1,3); (7.262)
ut+uT =8 5%(0,0,4), 57(0,0,4) (7.263)

8. Transition to Clifford Double Algebras I',, and to Metric
Geometries M,,

ARTHUR CAYLEY in his paper A sizth memoir upon the quantics [Cay59)
and FELIX KLEIN in the book Vorlesungen iber nicht-euklidische Geometrie
[K1e28] developed the construction of metric Cayley-Klein geometries. In or-
der to do so, one is starting within the framework of projective geometry P,
singling out one, eventually degenerate, quadric, which is then defining the
metrics in the corresponding Cayley-Klein geometry.

It was shown by several authors, how to represent the different metric
Cayley-Klein geometries within the framework of Clifford algebras. With re-
spect to this topic, we especially refer to [Gunllal [GDK19l [Hav21l [KH13
Klal4] and build upon the results presented there. The textbook in German
by GERHARD KOwOL on projective and Cayley-Klein geometries [Kow09)
provides a very good introduction and overview.

Since the signature of Clifford algebra is related to the absolute quadric
mentioned above, we will show in this closing section, how to find the transi-
tion from projective algebra A, (+, -, A, V) and its quadrics to Clifford double
algebra 'y, (4, -, A, V, ,%).

To begin with, we redisplay the definition of a Clifford algebra Cl,,(+, -, )
for its own sake following again the lecture notes of DOUGLAS LUNDHOLM
and LARS SVENSsON. [LS16, pp. 6-7]

Definition 8.1 (Clifford Algebra Cl,,). Let V denote a n-dimensional vector
space with quadratic form Q; let 7 (V) display the tensor algebra over V' and
Zq(V') the two-sided ideal generated by all elements of the form v®@ v —Q(v).
The Clifford algebra Cl,,(V, Q) is defined by quoting out the ideal Zg (V') from
the tensor algebra T (V),

CLu(V. Q) == T(V)/To(V). (8.1)
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Corollary 8.2. The Clifford product
Cl, x Cl, — Cl, (8.2)
(A, B) — AB

is inherited from the tensor product in T (V). We denote it by juxtaposition.
The Clifford product is unital, bilinear and associative, in general not com-
mutative. In addition there is the contraction rule for the vectors v of the
vector space V.,

v? = £Q(v) YoeV. (8.3)
Proof. Compare [LS16, pp. 6-7]. O

Let us fix here the notation for the two Clifford products, which are
going to be defined later on.

Notation 8.3 (Major and Minor Clifford Product). The Clifford double alge-
bra I',,(+, -, A, V, , ) will carry two times the imprint of a Clifford algebra.
This is why there are also two in general different Clifford products,

*

I, xI', — T, I, xI', — T,
(A,B) +— AB (A,B) ~— AxB

The products are called major Clifford product (no sign) and minor Clifford
product (x).

(8.4)

Notation 8.4 (Multiple Clifford Product Signs). For multiple Clifford prod-
ucts we use the notation

T m
[[X=x1X X, KX =X x Xo s % X, (8.5)
=1 =1

In order to find the transition from projective geometry P,, with respect
to a, for the moment, non-degenerate quadric Q to metric Cayley-Klein ge-
ometry, let A, (+,-,A,V) represent a projective F—algebrﬂ and let (7, p)
represent a pair of, for the moment, non-degenerate naturally associated po-
laritiesiﬂ with A, p € {1, —1}. Following Corollary we require the major
Clifford product

r,xIy, — r, (8.6)
(A, B) — AB
to be unital,
1T =72t =1",
XgM = M Xg := aM VXg=alt, aeF, VMEeA,
distributive,
A(B+C)=AB+ AC VA B,CeA,, (8.9)

16 Compare Definition nd Definition

17Compare Definition
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(A+ B)C = AC + BC VA B,CeA,, (8.10)
and associative,
A(BC) = (AB)C VA B,CeA,. (8.11)

In addition, the product of two generic 1-vectors decomposes by definition
into the sum of a scalar and a 2-vector according to
AB:=B."(A,B)ZT + AN B VA BecALT, (8.12)
=BT (A,B)1T+AAB
which includes the contraction rule for generic 1-vectors,
A? = AA =BT (A AZT = QM (A)Z" VAeALT (8.13)
=BIT(A,A)1T = Qi (A)LT
And last, for any orthogonal set S = {X1, Xa,..., X;n} C ALT of m homoge-

neous vectors of grade 1 in the plus approach, we require the major Clifford
and the major exterior products to be the same,

i ™ ST is a orthogonal system with
lllel o l/—\l X = { respect to the bilinear form B}f. (8.14)

This is how the Clifford algebra T’} (+,-, ) with the one-element 17
(defined in equations and ) is constructed within the framework
of projective geometry P, and with respect to the non-degenerate quadric
Q(#,5)- In order to construct the dual Clifford algebra I'; (+,-,*) and its
minor Clifford product within the same framework, we use the commutative
diagram of mappings,

ey major Clifford product L
(Aa B) > AB
o " (8.15)
r,ely minor Clifford product - I .
(7(A),#(B)) > 7(A) x #(B)

which translates the minor Clifford product into the major Clifford product
according to

#(A) * #(B) := #(AB) VABET, (8.16)
or with A = p(C) and B = p(D) according to
C D :=7(p(C)p(D)) VC,DeTy,. (8.17)

The minor Clifford product, defined in equation (8.17)), is associative,
(A% B)x C = #(p(A)p(B))  C = #([B(A)p(B)] 5(C)) (3.15)
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= 7(p(A) [6(B)p(C)]) = Ax7(p(B)p(C))
= Ax(Bx*C),
distributive with respect to addition,
A (B+C) = #(3(A)p(B) + H(C)) VABCET, (319)
— #(p(A)3(B)) + #(A(A)5(C)
=AxB+AxC,

(A+ B) « C =#([p(A) + p(B)]p(C)) (8.20)

unital
It (8.21)
=7(p(A)17) (8.22)
=Ax7(1T)=Ax(17)
and any scalar in the minus approach Xy commutes with any multivector M,
XgxM=MxXg=aM VYV Xg=al €Al andV M € A,. (8.23)

With equations (7.49) and (7.51) from Definition and Theorem [7.5|for generic
1-vectors in the minus approach A, B € A1~

B (p(4), p(B))1T = B (p(A), p(B))Z* (8.24)

= LAV B+ i(B)V A),

(A A B+ (B) A A) = (-1 L(BAA) + AAp(B))  (3:29)
= (-)""'B) (A, B)Z"~
=AM=D)""'B}7(A,B)1~

and get with Theorem [4.2
B (p(A), 5(B)) = (~1)""'BL(A, B). (8.26)

Using equation (8.26)), we get the dual decomposition rule for generic 1-vec-
tors A and B in the minus approach,

Ax B =#(p(A)p(B)) (8:27)
= #(BL(p(A), p(B))1T + p(A) A p(B))
=(-D)"'B; (4, B)1” + iA VB

> =

(-1)"'B;(A,B)Z” + Lav B,
W
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and with it the dual contraction rule for generic 1-vectors A in the minus
approach,

2 _ _ n—1pnpl— — 1—
AT =Ax A= (-1) B; (A, A)1 vV AeA, (8.28)
n— - — 1 n— - —
= ()" (A1 = 31 'Q(A)Z.
In addition, using equation (8.26]), for any orthogonal set

S™={X1,Xo,..., X} C AL (8.29)
of m homogeneous vectors of grade 1 in the minus approach, the set
St ={p(X1),p(X2), .., p(Xm)} C AT (8.30)

of m homogeneous vectors of grade 1 in the plus approach is orthogonal too,
and thus the minor Clifford and the minor exterior products are the same up

to the factor %1,
o

. m . . m . 1 m
X = W(H P(Xl)> = 7T(/\ P(Xz)> =—\/ X0 (8.31)
1 =1 =1 H =1
By requiring the major Clifford product to be associative in equation

(8.11)), to be distributive in equations and (8.10)), to have an one-element
in equations (8.7) and (8.8)), to satisfy the decomposition rule for generic 1-
517

vectors in equation (| ) and to reduce to the major outer product for any
orthogonal set of 1-vectors in the plus approach according to equation ,
the former is defined.

In case of a non-degenerate quadric Qs 5), a dual Clifford product,
the minor Clifford product *, is defined by equation . Instead of using
equation , we could define the minor Clifford product by requiring the
latter to be associative as in equation , to be distributive as in equa-
tions and , to have an one-element as in equations ,
and (8.23)), to satisfy the dual decomposition rule for generic 1-vectors as in
equation and to reduce to the minor outer product for any orthogonal
set of 1-vectors in the minus approach according to equation . In case
of a non-degenerate quadric Qx5 both ways are equivalent.

In case of the degenerate quadrics Qx ), i.e. in case of a pair of natu-
rally associated degenerate polarities (7, 6), the minor Clifford product can-
not be defined by equation . For generic 1-vectors A, B in the minus
approach, we would get for any naturally associated degenerate pair of po-
larities

%3

l

A% B = #(p(A)p(B)) (8.32)

S(=D)"'By(A,B)#(Z7) + % #p(AV B)

>

=0.

Since the dual contraction rule is not vanishing for all degenerate polarities p,
we cannot use equation (8.17)) in the degenerate cases. Instead we define the
minor Clifford product by requiring the latter to be associativ, distributive, to



Projective Geometry with Projective Algebra 131

have an one-element, to satisfy the decomposition rule for generic 1-vectors
in the minus approach and to reduce to the minor outer product for any
orthogonal set of 1-vectors in the minus approach. This is done in

Definition 8.5 (Clifford Double Algebra I';). Let A,(+,-, A, V) represent a
projective ]F-algebrﬁ and let (7, p) represent a pair of non-degenerate or de-
generate naturally associated polaritieﬂ with A\, u € {1, —1}. By definition,
the major Clifford product (no sign) and the minor Clifford product (x)

A, XA, — A, An x A, —=— A,
(A,B) — AB (A,B) +— AxB

meet the the following conditions:

(8.33)

(C1) Both Clifford products are associative and distributive with respect to
addition in A, (4, ).
(C2) The Clifford products between homogeneous 1-vectors decompose into
a scalar and a 2-vector part according to,
AB:=B."(A,B)ZT + AAB VA BeAt,  (8.34)
1 1
A% B:= X(fl)"*lB},_(A,B)Z* +~-AVB VYABeA,  (835)
1

where B}f and B}f represent the bilinear forms of the naturally asso-
ciated pair (7, p).
(C3) Both Clifford products are unital,

XgM = M X5 := aM VXg=alt € A" andV M € A, (8.36)

XgxM=MxXg:=aM VXg=al €A\ andV M € A,,, (8.37)
1

1T =277, 17 :=#(1") = XZ—. (8.38)

(C4) For an orthogonal set S = {X1, Xa,..., X;n} C AL of m homogeneous
vectors of grade 1 the Clifford and exterior products are the same,

m m ST is a orthogonal
HXl = /\ X, = system with respect to (8.39)
=1 =1 the bilinear form B}f.

m . m S~ is a orthogonal
k X, = — \/ X, «— system with respect to (8.40)
=1 K =1 the bilinear form B;_.

The major and the minor Clifford products imprint the structure of a Clif-
ford algebra twice onto the projective algebra A, (+,-, A, V) with respect to
the given pair (7, p) of naturally associated polarities. With this additional
structure the projective algebra A, (+,-, A, V) becomes a Clifford double F-
algebra Ty (+,, A, V, ,*) with signatures S*(s*,¢T,u™) and S™(s7, ¢, u™).
We may also note it as T'g+ 4+ 4+ .5- -

18 Compare Definition nd Definition

19Compare Definition

U
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The major and minor Clifford products are well defined, since a) the
conditions (C2) and (C4) do not interfere, b) the condition (C2) contains the
contraction rule of a Clifford product displayed in equation and c) it is
unital, distributive and associative by definition.

Corollary 8.6. Let T',,(+,-,A,V, ,x) represent a Clifford double F-algebra
with signatures ST(sT,tT u%) and S™(s7,t7,u™) according to Definition
[8:3. The following properties result immediately:

(D1) The plus approach to the above mentioned Clifford double algebra, i. e.
IV = Tyr g+ 0t (+,-, ) is a Clifford algebra with signature S™(s™,tT,
u™), the minus approach to the above mentioned Clifford double alge-
bra, i.e. I', = Ts— - 4~ (4,-, %) is a second Clifford algebra with signa-
ture ST (s7,t7,u"), and both Clifford algebras share the same projective
algebra Ay (+, -, A, V).

(D2) In case the pair of naturally associated polarities (7, p) is non-degenerate,
there is an harmonic orthonormal system of bases { Py}, {Ep} C A, with
the under (D1) mentioned signatures ST and S~ respectively and with

QL (Po)- QL™ (Ev) = miimy = 5

(D3) In case the pair of naturally associated polarities (7, p) is degenerate,
there is an harmonic orthonormal system of bases {Pp},{Fp} C Ay
with the under (D1) mentioned signatures ST and S~ respectively and
with

(8.41)

QL (Po) - Q5 (Ep) = nfmy, = 0. (8.42)

Proof. Statement (D1) is a direkt consequence of Definition about what
a Clifford double algebra I'), is. Statements (D2) and (D3) follow immedi-
ately from Definition and Theorem and Theorem about harmonic
orthonormal systems of bases respectively. O

Theorem 8.7. Let

Py =17, S(b) =0, (8.43)
S(b) S(b)
Po= /\ Po=]] Po. 1< S(b) <mn, (8.44)
=1 =1
and
By =17", S(b) =0, (8.45)
S(b) S(b)
By=\/ Ep=p"®7". % Ep, 1< S(b)<n, (8.46)

=1 =1

represent an harmonic orthonormal system of bases of the Clifford double
algebra T',, and let the variables b,c,d,e and u be n-digit binary numbers
with

d=Db AND c, e =b XOR c, S(u) =n. (8.47)
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(D1) Two different basis-1-vectors Py, and P or Ey, and E. of the above men-
tioned harmonic orthonormal system of bases anticommute, two equal
basis-1-vectors commute with respect to the Clifford products,

P,P.=—P.P, vV S(b)=S(c)=1and c#d (8.48)
Ey+«E.=—FE.* Fy (8.49)
Pl=PyPo=Q. (P)1T =nf1T VvV S(b)= (8.50)

Ej = Bpx B, = (=1)"7'Q} 7 (Bp)1™ = (-1)" 1771;1_ (8.51)

(D2) The multiplication tables for the Clifford products with respect to the
harmonic orthonormal system of bases {Py},{Ep} C I, then are

PP, S(b) =0 or S(c) =
PyP. = { bcle, S(d) =0,S(b) #0,5(c) #0, (8.52)
ave [T ng| Po (@) >0,
EyE., S(b) =0 or S(c) =0,
apeFe, 5(d) =0,5(b) #0,5(c) #0,
EoxEe =\ sk)+se-s6)-1q, (—1)n-D5@) {HS(d) 77;} g, (89
S(d) >0
with
S(b) + S(c) = 2- S(d) + S(e) (8.54)
0 <|S(b) —S(c)| < S(e) < D,(S(b)+S(c)) <n (8.55)
Dn(i) = { ZQn—i (r)zilzign (8.56)
and in the special case c =u, IT = P, and I~ = E,
PpIt = (—1)(n~ DS+ p (8.57)
PpIt, S(d) =0,
- { awa [T 5] B S(@) >0,
Ep I~ = (=) DS®I1~ « gy (8.58)
Epl-, S(d) =0,
- { SO g (1) VSO T T By S(d) >0,

Proof. Regarding statement (D1), equations (8.48)) and (8.49) are a conse-
quence from equations (8.39)) and (8.40) respectively,

PoP. =Py APy =—P. A Py=—P.P, (8.59)

1 1
Ep*FEe=—FEyVEe=—~FoV Ey = —Fe* Fyp (8.60)
I I

with S(b) = S(c) = 1 and ¢ # d. Equations (8.50) and 1-) follow from
equations (8.34)), (8.35]) and (8.38)) as well as w1th equatlons (7.65) and (7.67)
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respectively. Trivially, in case of two equal basis-1-vectors the Clifford prod-
ucts commute.

Regarding statement (D2), the Clifford products reduce in case of S(b) =
0 or S(c) = 0 to the scalar product or the product in the field F. In all
other cases we need to reorder the basis 1-vectors in the products P, P, or
By, * E. such, that equal 1-vectors are direct neighbours. Compare the proof
to Theorem [£.10] Just the evaluation of the reordered products is different to
Theorem If there are two equal basis 1-vectors, their Clifford products
reduce according to equations or respectively to the numbers
Ny 1t or (—=1)"lpg 1.

For S(b) # 0 and S(c) # 0 we get

S(b) S(c) S(d) S(e)
PoPe= | [] Po H Pe| =ape | [[(Pa)? P.| (8.61)
=1 =1 =1
= H 77d P,
S(b) S(c)
Bp+Ee= | \/ Ep| * Ee (8.62)
= =1
S5 S(b) S(e)
=u S(b)—1, S(c)— * Ey | * Ee
=1
S(b)—1, .S 1 5@ 2 5
p PO e |k (Ba)? |+ | K Eeo
=1 =1
S(d) S(e)
f‘uS( )+S(c)—5S(e) 104bc H( 1)n7177l_ % \/ Ele
=1 =1

_ ‘LLS(b)JrS(c)7S(e)71abc(71)(n71)5(d) H 17:1 Ee-

If $(d) = 0, then S(b) = S(b) + S(c) and [[}{" 5 = 1.
Equation (8.54)) is a consequence of how the n-digit variables d and e
are defined in equations (8.47)). From equation (8.54) we get
S(b) — S(c) =21[S(d) — S(c)] + S(e), (8.63)
[S(b) = S(c)| = [2[S(d) — S(c)] + S(e)| < [S(e)]. (8.64)
And if the sum ¢ = S(b) + S(c) is greater than n, i.e. n < i < 2n, then the
upper limit of S(e) is n — (i — n) = 2n — ¢. This is why equations (8.55]) and
(8.56)) are correct.

Equations (8.57) and (8.58|) are special cases of equations (8.52) and
(8.53)) respectively. O
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Notation 8.8 (Combined Clifford Product). Any mathematical term which
contains the combined Clifford product ® can be read twice: Firstly with
respect to the plus approach as major Clifford product (no sign) and secondly
with respect to the minus approach as minor Clifford product *.

Notation 8.9 (Multiple Combined Clifford Product Sign). For the multiple
combined Clifford product we use the sign

m

X =X1@X,® - ® X, (8.65)
=1

Theorem 8.10. For the Clifford product between the homogeneous multi vec-
tors X7 and Yz we get

Xr®Ys =) (Xr®Ya)_gs2t (8.66)
k=0
with
D |y =
m = ”(T“; I = sl (8.67)

and the index function D, of equation .

Proof. We can write the homogeneous multi vectors X7 und Yz as linear
combinations with respect to the basis By,

Xr= Y B, Y= > VB, (8.68)
S(b)=r S(c)=s
an then get
Xep®Ys= > pnleBn® Be. (8.69)
S(b)=r
S(c) =s

According to equations (8.52)), (8.53]) and (8.55)) of Theorem the grades
of the product By, ® B lie between |r — s| and D, (r + s) and differ by a

multiple of 2 from the limits |r — s| or D,,(r + ), since, if there are identical
pairs present in the product By ® B, always two 1-vectors disappear. O

We are now in the position to compute the Clifford products of any two
generic multi vectors M and N,

M®N=>Y (M),®(N), MNEcl,. (8.70)
r,5=0

Theorem 8.11. Basis vectors By, and B. commute or anti-commute according
to

Bp ® Be = (—=1)3®)S(@-5@) g & B, (8.71)
with the binary number d = b AND c.
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Proof. The statement of Theorem [8.11]is evident in case the check sum of at
least one of the binary indices is zero. This is why we assume S(b) # 0 and
S(c) # 0 and get with Theorem

S(d) S(d)
PoPe=ane | [[ i | Pe = (~1)S®5@=5@qg | TT 04| Pe (872)
=1 =1

— (—1)5®)S()=S@) p, pb

Ep % Eg = (—1)5@=1 H Na| Be (8.73)

S(d)
= (~1)3®ISEO-S@ ()S@D oy, | T] ng | Ee
=1
_ (—1)SPISE@-S@ E_y B

O

8.1. Comparison with a Previous Definition of the Minor Clifford Product

For non-degenerate Clifford algebras only, a dual Clifford product was intro-
duced in [Con08| pp. 16-18] by

A%B = [AXN)7'BAT)7 @T)N (8.74)

It was called dual geometric product and the corresponding one-element is
(T

We will show in this subsection, how the definition of the dual geometric

product % in equation (8.74)) is related to the definition of the minor Clifford
product * in equation (8.17)). In order to do so, we need the relations of

Corollary 8.12. Let T, (+,-, A, V, ,*) represent a non-degenerate Clifford dou-
ble F-algebra with a pair of non-degenerate naturally associated polarities
(7, p), with A\, p € {1, —1} and with signatures ST (s*,t+,0) and S~ (s~,t~,0).
We are using the notations and the content of Theorem 8.7

We then have

n(n—1)

e g, = (—1) "5 (8.75)
g oy = (—1) " (—1) TR (8.76)

(_1)s<b><sz<b>—1>(_1)s<c><s2<c>—1> _ (_I)S(b)s(c)fs(d)(_l)S<e><52<e>*” (8.77)

Proof.

n(n 1)

Py, =(-1) det 7t P,I? (8.78)
() S(b)
= (=1)"7 det & oy H nb P:I
=1
n(n—1)

= (—1) T Qpu Oy Py



Projective Geometry with Projective Algebra 137

ninn) S(b) )
o (—1) det® = ap I? = P Pl = ag,, H | P (8.79)

S(b)(S(b)—1)

=(-1)" > ap,det#

S5(b)(S(b)—1) S(e)(S(e)—1) S(b) S(c)
i T T +| =
Cor e [Iah| | IIne| = (8.80)
=1 1=1
_ PbP2 (— )S(b) (C)*S(d)(PbPC)2 _ (_1)5(b)5(6)7S(d)P92
S(e)

— S(e)(S(e)—1) H
_ (_1)S(b)S(c) S(d)( 1) S 77;_
O

Let us now compute the minor Clifford products of two generic basis
vectors By, and E, according to the definition in equation and accord-
ing to the definition in equation . We are using the notations and the
content of Theorem [8.7] as well as Corollary and Corollary

Eb * EC = ﬁ(ﬁ(Eb)ﬁ(Ec)) = ﬁ/bb;ycc 7?(_(}Db-Pc) (881)
[s@) ]
= ﬁbb&ccabc H 771; ﬁ(Pe)

l

[s(a)
= YbbYecObe H 77?5 ﬁee E

l

S(b)
= (—1)S(b)(n—1)u5(b)—1 H 7711;
=1
S(e)
. (_1)5(0)(71—1)#5@)—1 H 77;;
S(d) S(e)

Hnd )\S Hne e
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S(d) S(e)
[T i) x| T né | 2e
=1 =1
Y145 1) __ X ]
_ (_1\S(b)(n—-1)+S(c)(n—-1)___ ™ =~ +
=(-1) A\S(®)+5(c)+1 Vbe 11 Ma | Ee
=1
b)) 5() () A\S(e)+25(d) [s(a) +_
= (-1) 'swrserreve | [ 7 | Fe
=1
1 n— c)(n—
- X(_l)s(b)( DS g | T nh| Ee
=1
Ey % Ee = [Ep(IT) ' E. M) (IH) ! = (8.82)
= EpI" Ee = oppaes PoI T Pe = (—1)™ o PsTT P(17)?
- S(b) S(e)
=(-1) “T det 7t - Qe 77% H nc P,P.I"

(=1)

S(b)
n(n 1) S(b)(S(b)—1) S(e)(S(e)—1) + +
(1) det 7 (—1) "5 =@ T | (T e
=1 =1

5(b)
n(n_1) S(b)(S(b)~1) S(c)<S<c> 1
dett (-1)"" = (1) H o | | ITné
=1

,L<,L 1 S(b)(S(b)=1)

l
=

=

S(c)

=1

S(d)

Hnd PIT

S(c)

[s@@) ] S(e)
H 771—5 Qeu H 7]; Oes e
=1 =1

S(e)(S(e)=1) S(e)(S2(e>*1)

det 7 (—1) 2 (-1) 2 (—1)

5 ot (1) SO o | ] nh | Ee
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From equation (8.82)) we get with Theorem
5(d)
ave | [T nh| Ee = (8.83)
I=1

n(n—1)

=(=1)" 7 detw (—1)5PSEO=SD (B (1F) 1 E(1h) 1] (1)

n(n—1)

=(=1)" = detw [E(I") "Ep(I) '] (I")7!
= (—1)"5 det 7 - Ee # By,
Inserting equation (8.83)) into equation (8.81)) we get

Ep * Ec = 7(p(Eb)p(Ec)) (8.84)
1 n(n—

_ X(_1)S(b)(n—1)+3(c)(n—1)(_1)% det # [EC(I+)_1Eb(I+)_1] (I*)—l

_ %(_1)S<b>("—1>+3<°><n—1>(—1)% det 7 - B % By

_ i(_l)<2[5<b>+5<;>]+n>(n—1> det 7 - B & By,

We summarise the result in

Theorem 8.13. Let X7 and Yz represent two generic homogeneous multi vec-
tors of a non-degenerate Clifford double algebra in the minus approach I';, .
The minor Clifford product * translates into the dual geometric product %
defined in [Con08|, pp. 16-18] as follows,

1 @rts]+n)(n—1)
2

XYy = X(_l) det 7 - [Y5(IT) ' X7(I1)~'] ()~ (8.85)

1 2lr+s]+n)(n—1)
1 2

det 7 - Yg ¥ XT-

The one-element of the dual geometric product % is (I7)™1 and translates into
the one-element of the minus approach to Clifford double algebra Ty, according
to

n(n—1) n(n—1)

I t=(-1)" = det7-I" =A(-1)" z det7-1" (8.86)

Proof. Equation (8.85)) is a consequence of equation (8.84) by representing
the homogeneous multi vectors in terms of their basis vectors,

Xe= Y Aok Y= > peFe. (8.87)
S(b)=r S(c)=s

Equation (8.86) is a consequence of
(IT)? = (—1)"F det 7 (8.88)
and equations (8.38]) and (4.151). O
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8.2. Inner and Exterior Products in Terms of the Clifford Products

As it is well known from ordinary Clifford algebras Cl,,, the inner and exterior
products of these algebras can be expressed in terms of the Clifford product.
We will do the same here for the inner and exterior products of Clifford double
algebras I',,. This also means, we will have to define the inner products in
analogy to the inner product of an ordinary Clifford algebra C1,,.

Let us first look at the relations of exterior and Clifford products in the
framework of Clifford double algebra T',.

Theorem 8.14. For the homogeneous multi vectors Xz and Yz we have

(X#Y5)rys, r#0 and s # 0,

XTAYS:{ 0, r=0ors=0. (8.89)
SEVE T B 110, G £ P r# 0 and s # 0,
XT\/YS{Q r=0or s=0. (8.90)

Proof. For r = 0 or s = 0 the exterior products ¢ vanishe by definition.
Compare equations and . And the Clifford products are X7X5, i.e.
for X7 # 0 and X3 # 0 they do not vanish. In these cases, the exterior
products X+ ¢ Yz and the highest grade r + s of the corresponding Clifford
products (X7 ® Yz),1s are different.

For r # 0 and s # 0 we compute the exterior products,

XeOYs=| > MBo| 0| > peBe (8.91)
S(b)=r S(c)=s
= > Abpe-BpOBe
Sb)=r
S(c) =s

Z Able@bed0S(b AND ¢) * BlbXOR ¢

S(b)=r
S(c)=s

and the highest grade r + s of the corresponding Clifford products,

<X?Y§>r+s = Z )\b,ulc <Pch>r+s~ (892)
Sb)=r
S(c)=s

= Z AbleObed0S(b AND ¢) * Flb XOR ¢]-

Sb)=r
S(c) =s
(XrxY)ops =p > Appe (Bb* Ec)pis. (8.93)
Sb)=r
S(c) =s

Z AbleObed0S(b AND ¢) * Bb XOR ¢]-

S)=r
S(c) =s
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Thus, for r # 0 and s # 0, the two expressions X#A Yz and (X7Yz), 15 as well
as X7V Yz and u{X7 * Ys), s are the same. Please also note, for r +s > n
both pairs vanish, since S(d) = S(bANDc) > 0. O

Definition 8.15 (Inner Products). Let ', (+,-,A,V, ,x*) represent a Clifford
double algebra. The operations

o

A, x A, — A, A, x A, — A,

(A.B) +— A-B (A,B) +— AoB (8:94)

are called magor inner product (-) and minor inner product (o) and obey the
following conditions:

X5 Y5 i= (X5Y5) sl Xrellt, Yo est, (8.95)
XroYs = (Yr* Xg)|r—s|, Xrell7, YseIv, (8.96)
A-(B+C)=A-B+A-C, A B,Cely,, (8.97)
(A+B)-C=A-C+B-C, (8.98)
Ao(B+C)=AoB+ AoC, (8.99)
(A+B)oC=AoC+ BoC. (8.100)

Please note, the defining equations (8.95) and (8.96|) are also valid in the
cases r =0 or s =0.

The inner products - and o are well defined, since the corresponding
Clifford products are distributive too.

Notation 8.16 (Combined Inner Product). Any mathematical term, which
contains the combined inner product ® can be read twice: Firstly with respect
to the plus approach as major inner product - and secondly with respect to
the minus approach as minor inner product o.

Theorem 8.17. In case of 1 = 0 or s = 0 the inner products, the Clifford
products respectively and the scalar multiplication are the same,

A? O) B§ = AF ® Bg = AFBg, r=0 or s=0. (8101)
Proof. Compare equations (8.95) and (8.96)) with equations (8.52)) and (8.53])
respectively. O

Theorem 8.18. For homogeneous multi vectors of grade r and s with r > s
we have,

XrOYs = (*l)s(ril) Y5 0 X7 (8.102)

Proof. Let b and ¢ be n-digit binary numbers with sum of digits S(b) = r
and S(c) = s. Then there are coefficients A\p and p. such that

Xr©Ys= > MBo|®| > peBe (8.103)
S(b)=r S(c)=s

r—S
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Y. Mbhe-Bo®Be
= Sb)=r
S(c)=s r—s
Z Abflc - Obclich Be ® By
= S(b)=r
S(c) =s res
> (-1 wpte - Be @ By
= Sb)=r
S(c)=s r—s

= (_1)7"8—8. Z ,Uch ® Z N

S(c)=s S(b)=r
= (*1)5(7”71) . Yg@ XF.

where we used Theorem and equation (4.43]). O

Theorem 8.19. For generic 1-vectors X7 = ZS(b):l ApBp € AL and Yy =
> s(e)=1 HeBe € Ay, we have

r—S

X7Y7 = X7 - Y7+ X7 A Y7, (8.104)
1
Xy*xYy=Xg0Y7+ ;XT VY7 (8.105)
The inner products are symmetric with respect to 1-vectors,
XT Y =BIN(XEYNZT = > ApmsfebZt (8.106)
S(b)=1
Z Xopny 17,
S(b)=
_ _ 1 Al ple e e\
X: oYy = X(—l)” B; (X, Yo )Z (8.107)
Z Ao fibbbZ Y Aoy 17,
S(b)= S(b)=1

the exterior products are antisymmetric,

XTO YT = Z ()\[1b]'u’[2b] - >\[2b]ﬂ[1b]) Bb' (8108)
S(b)=2

Proof. Equations (8.104) and (8.105) are the equations (8.34) and (8.35)) from
Deﬁmtlonﬂ According to equation (4.12)) the exterior product between two
1-vectors is antisymmetric. The antisymmetry is confirmed by expression
(18.108]).

The inner products between 1-vectors are clearly symmetric. Compare
equations (8.106) and (8.107]). O
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Theorem 8.20 (GraBmann Algebras as Most Degenerate Clifford Algebras).
The Clifford double algebra I'y, = 'o 0,n:0,0,n with signatures
S*(0,0,n) S7(0,0,n) (8.109)
and the parameters
A=p=1 (8.110)
represents a Grafimann double algebra, i. e. U (+,-, ) and T, (+,-, %) are both

n

ordinary Grafmann algebras. The one-element of T} (+,-, ) is 1t = Z™T, the
one-element of T'), (+,-,%) is 1~ =7,

1PA=A1"=A  VAeT{, ., (8.111)
1"xA=A%1"=A4 VAel . (8.112)

while these elements continue to be zero divisors with respect to the exterior
products,

ZYNA=ANZT =0 VAT ., (8.113)
Z-VA=AVZ =0 VA€l .. (8.114)

Grafimann algebras are most degenerate Clifford algebras and the unital prop-
erty is the last remnant of the Clifford product. For all non-zero grades the
Clifford product and the respective exterior product are the same.

Proof. According to equations (8.36)), (8.37) and (8.38) of Deﬁnition VA

and Z~ are the respective identity elements in the both approaches. And
with the vanishing quadratic forms, the Clifford products reduce to the outer
products for all non-zero grades,

XF®Y§:XT<>Y§ for allr#O,s#O (8115)
Compare also equations (8.52)) and (8.53). O

8.3. Metric Geometries

While, from section [5] on projective geometry P,, was expressed in terms of
projective algebra A,,, we can now describe the metric geometries in terms
of Clifford double algebras I',,. It is well known that metric Cayley-Klein
geometries can be expressed in terms of Clifford algebras. [Guniial [Klal4]
The new aspect here in this approach is to provide Clifford double algebras
I',, as the natural tool to describe the metric geometries with their inherent
dual structures or what is left of it in the degenerate cases.

CHARLES GUNN developped in his PhD-thesis [Gunila], how metric
Cayley-Klein spaces are “created in projective space RP™ based on qua-
dratic forms” [Gunlial p. 31] and Clifford algebras, i. e. he showed how to do
the Caley-Klein contruction with Clifford algebras. Later on he called these
Clifford algebras projective geometric algebras or abbreviated PGA. [Gunl7]
Our approach here to metric geometries is the same, except for we are using
Clifford double algebras T',, instead of single Clifford algebras C1,, with just
one Clifford product.
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Gunn introduced the notation P(Rj ;) for the 3D euclidean PGA. LEO
DorsT and STEVEN DE KENINCK [DDK24] use the term PGA as abbrevia-
tion for “plane-based geometric algebra” and denote the 3D euclidean PGA
by Rs,0,1. We will show in this section, how with the Clifford double algebra
I'1,0,3:3,0,1 a missing, but highly degenerate part of 3D euclidean geometry
becomes available through the second Clifford product.

Definition 8.21 (Metric Geometries M,,). A metric geometry M, is a Cayley-
Klein geometry. It is defined in the context of projective geometry P, by
singling out an absolute quadric Qx5 with respect to a pair of naturally as-
sociated polarities (7, p). The metric geometry M,, is called non-degenerate
or degenerate depending on whether the absolute quadric Q(z ;) and its pair
of naturally associated polarities (7, p) are non-degenerate or degenerate re-
spectively. The respective Clifford double algebra I',, provides the language
to describe metric geometry M,,.

Compared with projective geometry P,,, in which metric geometry M,,
is embedded, the latter provides additional instruments and structure with
respect to the absolute quadric Qx ;) such as orthogonality or metric con-
cepts like distance and angle. These additional instruments and structure are
expressed in terms of the respective Clifford double algebra I',,.

8.4. Metric Geometries. Space and Counterspace

The projective and thus universal version of the concept of space and coun-
terspace was given in Definition [5.6] We will specialise this concept here to
its metric version.

Definition 8.22 (Space and Counterspace. Metric Version). Inasmuch as met-
ric geometry M,, is expressed in terms of the plus approach I') it is called
space or metric space and inasmuch as it is expressed in terms of the minus
approach I' it is called counterspace or metric counterspace.

Metric space and metric counterspace contain projective space and pro-
jective counterspace respectively, since metric geometry M,, is embedded in
projective geometry Pn@

8.5. Metric Geometries. Euclidean and Dual Euclidean Geometry

In his paper On the Homogeneous Model of Euclidean Geometry [Gunllbl
Gunllc], CHARLES GUNN introduces first the projectivised exterior alge-
bra W = P(AR""!) and the projectivised dual exterior algebra W* =
P(A ]R(”"rl)*)7 grants ‘equal rights for W and W* with respect to the task
to represent the real projective space RP™ and refers ‘to W as a point-based
and W* as a plane-based algebra. ]

20 An earlier version, of what the terms space and counterspace mean, was given in Defi-
nition 10 of [Con08, p. 71]. The latter is now replaced by the Definitions and of
this article.

21[GunlTd Sect. 2.2]

22[Gunlid Sect. 2.2]
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He then continues to Clifford algebra. ‘It is fully determined by its sig-
nature, which describes the inner product structure. The signature is a triple
of integers (p, n, z) where p+n + z is the dimension of the underlying vector
space, and p, n, and z are the numbers of positive, negative, and zero en-
tries along the diagonal of the quadratic form representing the inner product.
We denote the corresponding Clifford algebra constructed on the point-based
Grafimann algebra as P(R, , ,); that based on the plane-based Grafimann
algebra, as P(Rj , ).

The discovery and application of signatures to create different sorts
of metric spaces within projective space goes back to a technique invented
by ARTHUR CAYLEY and developed by FELIX KLEIN [Kle28]. The so-called
Cayley-Klein construction provides models of the three standard metric ge-
ometries (hyperbolic, elliptic, and euclidean) — along with many others! —
within projective space. This work provides the mathematical foundation for
the inner product as it appears within the homogeneous model of Clifford
algebra.@

CHARLES GUNN works out the signatures for the euclidean inner prod-
ucts and concludes: ‘As noted above, the euclidean inner product has signa-
ture (1,0, 3) on points and (3,0, 1) on planes. If we attach the first signature
to W, we have the following relations for the basis 1-vectors:

() = 1; ()2 = (e2)? = (¢)* = 0. (5.116)

It’s easy to see that these relations imply that, for all basis trivectors
E;, EZ2 = 0. But the trivectors represent planes, and the signature for the
plane-wise euclidean metric is (3,0,1), not (0,0,4). Hence, we cannot use W
to arrive at euclidean space. If instead, we begin with W*, and attach the
plane-wise signature (3,0, 1), we obtain:

(€0)* = 0; (e1)? = (e2)? = (e3)’ = L. (8.117)

It is easy to check that this inner product, when extended to the higher
grades, produces the proper behaviour on the trivectors, since only Ey =
e;ese;3 has non-zero square, producing the point-wise signature (0, 1, 3) (equiv-
alent to the signature (1,0, 3)). Hence, W* is the correct choice for construct-
ing a model of euclidean geometry.

The relation of the exterior algebras W and W* to projective algebra
A, and the relation of the Clifford algebra constructed on the point-based
Grafimann algebra P(RR,,) as well as the Clifford algebra constructed on the
plane-based Grafimann algebra P(R*) to Clifford double algebra T, will be
illustrated using 3D euclidean geometry as an example. Except for the Graf3-
mann algebras W and W* do have an one-element each, but projective al-
gebra in the plus approach Af{ as well as in the minus approach do not have
one-elements, the projectivised exterior algebra W = P(/A R*) and the pro-
jective algebra in the plus approach AI as well as the projectivised dual

23[GuniTid, Sect. 3]
24[Gunlid Sect. 3.2]
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exterior algebra W* = P(AR?**) and the projective algebra in the minus
approach A; are isomorph,

W(+, ,V) =P(A\R") = Af(+, ,A), (8.118)
W*(+, ,A) =P(ARY™) = Aj(+, ,V). (8.119)

Please note the opposite sign conventions for the exterior products. While
CHARLES GUNN is using the join V in the point-based algebra W, we are
using the major exterior product sign A in the plus approach and denote the
operation of connecting points with it. And while Gunn is using the meet A
in the plane-based algebra W*, we are using the minor exterior product sign
V in the minus approach and denote the operation of intersecting planes with
it. This is not a conceptual difference. We just use different sign conventions.

The corresponding bases vector notations are displayed in Table [I6]
extending Table 1 of [Gunlld, p. 5].

Feature AF W w* Ay
0-vector Sb)=0 P, = 7+t scalar 1° scalar 19 FEy =7~
1-vector Sb)y=1 {Pp} point {e’}  plane {e;} {Fb}
2-vector Sh)=2 {P} spear {€} axis {e;;} {Fb}
3-vector S(b)=3 {Pp} plane {E'} point {E;} {Ev}
4-vector Sb)=4 P,=1" TI° Io E, =1
outer product A join V meet A \

TABLE 16. Comparison of A, W, W* and A} .

The point-based Clifford algebra P(R; o 3) is isomorph to the plus ap-
proach of the Clifford double algebra I'1 ¢ 3.3.0,1(+, ,A,V, ,*) and the plane-
based Clifford algebra P(Rj, ;) is isomorph to the minus approach of the
same degenerate Clifford double algebra,

P(Ri03)(+, ,Vs ) 2T g5501(+ A ), (8.120)
P(R30.1)(+ A ) =T 033010+ 5V, %) (8.121)
We choose our bases 1-vectors in the following way,
Pooor = €', Pooro = €, Poioo = €%, Pigoo =€, (8.122)
Eooor = e, Eopoio = €2, Epio0 = €3, E1000 = o, (8.123)
with
Pivor = Piio = Pioo = 0, Piyo =2, (8.124)
Egoor = Edoro = Egio0 =27, Efo0 =0, (8.125)
and
p=-A=1, 1t =7+, 1~ =-7Z". (8.126)

In equations (8.120)) and (8.121) the opposite sign conventions with

respect to the exterior products show up again, now in the context of the
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metric Clifford algebras. And while CHARLES GUNN is not introducing two
different notations for the two different Clifford products of P(R;03) and
P(R3 1), we use juxtaposition (no sign) for the major Clifford product and
* for the minor Clifford product.

The outcome of CHARLES GUNN'’s study on the euclidean inner product
was: It ‘has signature (1,0, 3) on points and (3,0, 1) on planes.” [GunIIcl Sect.
3.2]. In the degenerate Clifford double algebra I'; g3.3,0,1 these signatures
show up in the plus and in the minus approach respectively. We do not have
to reject the point-wise signature of W, since there are two different Clifford
products available in the double algebra and each of the products carries one
of the two signatures.

The details of the ‘homogeneous model of euclidean geometry’ [Gunllb]
expressed in terms of the Clifford double algebra I'y ¢ 3.3,0,1 With n = 4 and

@ = —\ =1 are: The signatures in the plus and minus approach,
$7(1,0,3) : Mgo01 = Moo10 = Mo100 = O Moo = 1, (8.127)
57(3,0,1) Mooo1 = Mooto = Mo10o = 1 N1000 = 03 (8.128)
the matrices representing the pair of naturally associated polarities (#, p) of
the absolute quadric Qx ),
Bﬁ =(0), fﬁ =(0), (8.129)
Br = diag(0,0,0,1), I = diag(—1, -1, —-1,0), (8.130)
By = diag(0,0,0,0,0,0), 'y = diag(1,1,1,0,0,0), (8.131)
Bz = diag(0,0,0,0), 'z = diag(—1,0,0,0), (8.132)
By =(0), I=(0); (8.133)
the polarity mappings 7 and p themselves,
i AT — Ay (8.134)
X7 = Z Ab Py — 7 (X7) = A100oE1000
S(b)=1
Xz= > b — #(X5) =0
S(b)=2
X§ = Z M Po — ﬁ(Xg) =0
5(b)=3
p: A —  AF (8.135)
X7 = Z By = p(X7) = —pooo1 Pooor — footoFPooro—
S(b)=1
— po100F0100
Xz = Z ppBy  — p(Xz) = +poo11 Poorr + po101Foror+
S(b)=2

+ po110Fo110
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Xz = Z b Ep —  p(X3) = —po1iPoinn
S(b)=3

and the degenerate absolute quadric Q(# ;) in the different grades of the two
approaches,

Q717r+ . 0= )(TJr V ﬁ(X;) = )\1()00)(%Jr V E1000 = )\%OOOZJ’_ (8136)
Q2 0=XIVva(X)) VXSeal (8.137)
ot o=Xxrvax)) vXSeaAl” (8.138)
Q7 0=X- Ap(XT) (8.139)

= — X7 A (o001 Fooor + Hoo10Foo10 + 10100 Fo100)

= (13001 + Hio10 + Ho100)Z~

Q2 0=X; Ap(Xy) (8.140)

= X5 A (poo11Poo11 + to101Foro1 + po110Po110)

= (5011 + Ha101 + H0110)Z"
Q7 0=X; Ap(Xg) = —Xg ApornPornn = pgin Z (8.141)

With respect to the differences between the signatures S*, S~ and the
elements of the matrices B, I' compare Corollary especially its equations

to (7).

According to equation , the degenerate polarity @ maps all the
points XTJr not lying in the plane E1909 = —Fp111 onto the plane Fyggp =
—Py111, and the points X;’ lying in the plane Ejgg0 = —FPp111 to 0; it maps
all linear complexes (including the lines) X; to 0; and it maps all planes X3ir
to 0. It clearly is a highly degenerate polarity mapping.

According to equation (8.135)), the degenerate polarity p projects all the
planes XT_ onto the points of the field of points in the plane E1900 = —Fo111;

it projects all linear complexes (including the lines) X5 onto the lines of the

field of lines in the plane E19090 = —Fp111; and it maps all points Xg_ not
lying in the plane F1900 = —Fp111 onto the plane Eigp0 = —Fp111, and the
points Xg_ lying in the plane F1g90 = —Fp111 to 0.

Since the two polarities are degenerate, they satisfy #p(X) = pa(X) =0
for all X € A,. Compare also Definition Just the mappings from the
points to the planes are the same for both polarities 7 and p, i. e. they satisfy

equation (4.278)) from Theorem
H01110111 = Q1110177 * SoritonT” Yoo =11 (1) =-1, ( )
H10111011 = Q911 07T * BIOTIToTT * CToiT 1011 = (—1) -0+ 1 =0, ( )
Y1101 1101 = Q1017701 * AIeT1I0T * ATT01 1101 = 10+ (1) =0, (8.144)
(8.145)

V11101110 = Xq11071710 ° 51110 1110 ~ ?11101110 — (_1) -0-1=0.
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The different grades of the degenerate absolute quadric Q4 ;) in the two
approaches are shown in equations to . In the plus approach,
the degenerate point-wise absolute quadric is the field of points in the plane
FEi000 = —Py111- For the linear complexes as well as for the planes, there
are no restrictions. In a way, it is as in projective geometry, as if there was
no absolute quadric present for the complexes and the planes in the plus
approach.

In the minus approach, the plane-wise absolute quadric consists of all
(imaginary) planes Xo = > g q #pEp with Hd001 + Koo + 100 = 0,
which touch the imaginary point-wise conic section X{r = — (10001 Pooo1 +
110010 Pooto + 0100 Poroo) With 1idno1 + #8010 + #8100 = O lying in the field of
the plane Ei900 = —Fp111; the complex-wise absolute quadric consists of all
(imaginary) complexes X5~ = } g,y _o #bEp with K11 + Heio1 + HE110 =
0, which touch the imaginary line-wise conic section X; = poo11FPoo11 +
o101 Poro1 + to110Po110) With pdg; + 3101 + #3110 = 0 lying in the field of
the plane Ejgo0 = —Po111; and the point-wise absolute quadric (again) is the
field of points in the plane ElOOO = —P0111.

The euclidean PGA in 3D by CHARLES GUNN [Gunllal [Gunllb| and by
LeO DORST and STEVEN DE KENINCK [DDK24| is the degenerate, plane-
based Clifford algebra with signature (3,0,1) equivalent to the minus ap-
proach of the Clifford double algebra I'y ¢ 3.30,1. Compare equation (8.121)).
With respect to Definition [8.22] euclidean PGA describes euclidean geometry
from the point of view of metric counterspace. With the metric Clifford dou-
ble algebras the analytical description of euclidean geometry is supplemented
by the point of view of metric space. In the case of 3D euclidean Clifford dou-
ble algebra I'y p3:3,0,1 the point of view of metric space is of course highly
degenerate.

As a conclusion, we can find in the homogeneous model of 3D euclidean
geometry metric space FIO,3;37071 and metric counterspace Iy 0,3:3.01-

The homogeneous model of 3D dual euclidean geometry is given by the
metric Clifford double algebra I's o 1,1,0,3. Also there we can find metric space
F3+,0,1;1,0,3 and metric counterspace 'y 1.4 o 3-

According to Theorem [5.9]of the major principe of duality, the homoge-
neous model of 3D euclidean geometry I'1 g 3.3,0,1 and the the homogeneous
model of 3D dual euclidean geometry I's o1.1,0,3 are dual to each other. They
do not represent space and counterspace in the sense of Definitions [5.6] and
Rather inside of homogeneous euclidean geometry there is metric space
and metric counterspace. And inside of homogeneous dual euclidean geometry
there is also metric space and metric counterspace.
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